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Chapter 1

Introduction

1.1 Black holes

Black holes are the mathematical vacuum solutions of Einstein’s field equations in general

relativity. In the classical context, a black hole consists of a physical singularity in space-

time which is hidden inside a boundary from the rest of the universe. The boundary is

known as the event horizon, and it is censored in the sense that once anything falls into

it, it can never escape out of it. The purview of ‘anything’ even consists of light and

other forms of electromagnetic radiation. Typically, a black hole is characterized by three

intrinsic properties – mass (MBH), angular momentum (JBH) and charge (QBH). Based

on these properties black holes are formally categorized into the following types –

1. MBH 6= 0, JBH = 0, QBH = 0 – Schwarzschild black hole (uncharged, non-rotating).

2. MBH 6= 0, JBH 6= 0, QBH = 0 – Kerr black hole (uncharged, rotating).

3. MBH 6= 0, JBH = 0, QBH 6= 0 – Reissner-Nordström black hole (charged, non-

rotating).

4. MBH 6= 0, JBH 6= 0, QBH 6= 0 – Kerr-Newman black hole (charged, rotating).

However, the Reissner-Nordström and Kerr-Newman solutions do not carry any physical

significance in the astrophysical context due the following reason. An astrophysical black

hole is surrounded by an environment of super-heated ionized gases. The ambient rotat-

ing charged plasma is expected to neutralize any net charge carried by the black hole.

The time-scale of this charge neutralization has been found to be roughly of the order of

MBH/M⊙ µsec (see Hughes [2005]). This time-scale is negligibly small compared to any

significant time-scale of observations related to the black hole properties. Hence, Kerr and

– in certain special cases – Schwarzschild solutions are of more interest to the astrophysi-

cists studying black hole related phenomena.

The second scheme of classification for black holes is based on their mass. The first

category of black holes consists of those with masses comparable to that of a star (MBH ≈
a few times M⊙). Such black holes are termed as ‘stellar-mass’ black holes. The formation

of stellar-mass black holes can be theoretically explained by the process self-gravitational

collapse of a massive star at the end of its life-cycle. The second category consists of black

holes which are about a million times more massive than the sun. Such black holes are

known to exist at the centre of each galaxy. Due to their gigantic mass, they are termed
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as ‘supermassive’ black holes. It is impossible for a black hole of such a great mass to be

formed by the gravitational collapse a star. As a matter of fact, the process behind the

origin of a supermassive black hole is not yet well understood. Various theories have been

proposed in this context. They might be formed through the monolithic collapse of early

proto-spheroid gaseous masses originated at the time of galaxy formation. They might be

formed by the merging of numerous smaller black holes. The runaway growth of a seed

black hole by accretion in a specially favoured high-density environment might also lead

to the formation of super massive black holes. The formation, growth and evolution of

such gargantuan black holes is still a problem which needs to be investigated (see Rees

[1984], Rees [2002], Haiman and Quataert [2004] and Begelman et al. [2006]). There is a

possible third category of black holes known as ‘intermediate-mass’ black holes, but their

existence is a debatable issue at present.

1.2 Accreting black hole systems

Gravitational capture of surrounding fluid by massive astrophysical objects is known as

accretion. In our work, we shall deal with the accretion of matter by compact astrophysical

objects – black holes, in particular. There is a basic difference between accretion onto a

black hole and that onto other massive compact objects such as neutron stars and white

dwarfs. Neutron stars and white dwarfs possess a hard surface and hence the infall of

matter is terminated by direct collision with either the hard surface or the outer boundary

of the magnetosphere, resulting in a luminous energy release from the surface. On the

other hand, black holes do not have any hard surface. The infinitely dense and massive

singular point is guarded by the boundaries of an event horizon. The region beyond the

event horizon leading to the central singularity of the black hole is beyond our present

knowledge of science. Thus, the accreting matter does not face any hard obstruction and

ultimately dives through the event horizon from where radiation is prohibited to escape

according to the rules of classical physics. Hence, the emergence of luminosity in this

case occurs on matter’s way towards the black hole event horizon. The efficiency of such

accretion processes is marked by this luminosity of the dissipated energy. It may also

be looked upon as a measure of the fractional conversion of the gravitational binding

energy of matter to the emergent radiation. This emergent flux is much higher for black

holes compared to the neutron stars and white dwarfs. The extraction of gravitational

energy from black hole accretion is believed to power energy generation mechanisms in

X-ray binaries, quasars and active galactic nuclei. Various aspects of accretion processes

onto compact objects have been elaborately discussed in a number of review articles, e.g.

Pringle [1981], Chakrabarti [1996b], Wiita [1999], Lin and Papaloizou [1996], Blandford

[1999], Abramowicz [1998], and monographs by Frank et al. [1992] and Kato et al. [1998].

1.2.1 Classification of black hole accretion

Accretion processes can be broadly categorised into two different classes depending on

the geometry of flow. Accreting fluid with no intrinsic angular momentum falls onto the

central gravitating source in a spherically symmetric configuration (Bondi [1952]). Thus,

all accretion-related variables depend on the radial distance of a fluid element from the

event horizon. However, fluids with definite intrinsic angular momentum are thrown into

circular orbits around the compact object. The matter falls inward spirally when excess
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amount of the angular momentum gets transported off due to viscous stress in the fluid.

This rotational spiral motion leads to the formation of flat rotating disc-like structures

around the event horizon, known as accretion discs. The thermal spectrum and structure

of such discs depend on specific sets of values corresponding to various flow parameters.

Accretion of matter by a black hole is almost essentially transonic. Except for super-

sonic stellar winds acting as the feeders of accretion, all matter which is far away from

the black hole starts to fall in with subsonic velocities. However, due to immensely high

space-time curvatures near the event horizon, the infalling matter has to cross the horizon

with a dynamical velocity approaching that of light. Now, the maximum attainable sound

speed for a relativistic fluid with the steepest possible equation of state is c/
√
3. Hence,

black hole accretion has to cross the sonic barrier at some point in the flow. It is the only

physically acceptable solution for accretion onto black holes (Novikov and Thorne [1973]).

Later, Liang and Thomson [1980] showed that similar transonic behaviour is also observed

for thin disc accretion in general.

Thus, based on the aforementioned schemes of categorisation according to flow config-

uration and transonicity, black hole accretion can be classified into the following types

–

1. Spherical mono-transonic accretion:

The first attempt at the investigation of matter falling onto massive astrophysical

objects was made by Hoyle and Lyttleton [1939]. They had calculated the accretion

rate of pressure-less matter onto a moving star. This was later followed by the sem-

inal work of Bondi [1952], who had formulated a theory of stationary, spherically

symmetric, transonic accretion of polytropic Newtonian fluid onto a central static

gravitating compact astrophysical object. The general relativistic generalisation of

this work for accretion of polytropic perfect fluid onto a Schwarzschild black hole

was reported by Michel [1972]. A number of transonicity related aspects of this

work were addressed by Begelman [1978] and Moncrief [1980]. General relativistic

spherical accretion of fluids with other general equations of state have been studied

by Shapiro [1973a], Shapiro [1973b], Blumenthal and Mathews [1976], Brinkmann

[1980] etc. The back-reaction of accreting matter on the background space-time met-

ric, i.e. a self-gravitating model, was considered by Malec [1999] and it was compared

with an accreting system without self-gravity, reporting enhanced accretion without

back-reaction. The behaviour of mono-transonic spherical accretion very close to the

event horizon was also studied in both general relativistic (Das [2002]) and pseudo-

Schwarzschild (Das and Sarkar [2001]) frameworks. However, all the aforementioned

works have concluded that stationary, spherically-symmetric accretion onto a black

hole is essentially mono-transonic in nature. Only one transonic surface is formed in

the accretion sphere for such flow configurations over all possible sets of the astro-

physically relevant flow parameters. Although shocks may be formed in supersonic

regimes of a fluid accreting with spherical symmetry (Bisnovatyi-Kogan et al. [1971],

Meszaros and Ostriker [1983], Protheroe and Kazanas [1983], Chang and Ostriker

[1985], Kazanas and Ellison [1986], Babul et al. [1989], Park [1990b], Park [1990a],

Jones and Ellison [1991]), but such shocks cannot bring the flow down to a subsonic
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regime, and hence the possibility of formation of a second transonic surface gets

eliminated.

2. Axisymmetric multi-transonic disc accretion:

Spherically symmetric configuration of accretion was found to have several short-

comings. For such flows, the radial velocity of the infalling fluid turned out to

be too high to account for the extreme brightness of quasars and active galactic

nuclei. Astrophysicists had to put forth various ideas to compensate for such miss-

ing luminosities, including dissipation due to magnetic fields (Shvartsman [1971b],

Shvartsman [1971a], Shapiro [1973b], Shapiro [1973a]). However, none of the pro-

posed theories were suitable enough to stand firm in favour of the spherical accretion

models. Then it was realised that accretion in the form of rotation around the cen-

tral compact object might be helpful in solving this mystery. An accreting fluid

with some intrinsic angular momentum with respect to the compact object will have

smaller values of the infall velocity (in regions not very close to the event hori-

zon) and also higher densities compared to a spherically accreting fluid. Owing to

higher infall time-scales, dissipative forces acting within the fluid (instabilities due

to turbulence or magnetic fields), would be able to dissipate energy and angular

momentum of the flow before it finally falls through the horizon. Thus the accret-

ing matter would radiate with higher efficiency. While the theoreticians were still

struggling with the limitations of the spherical model, the existence of possible disc-

like structures around one of the components in binary systems were already being

reported and it was being suggested that matter should accrete in the form of discs

(Prendergast and Burbidge [1968], Lynden-Bell [1969]). Robinson [1976] provided

an analysis of the cataclysmic variables and came up with strong evidence in support

of accretion discs around white dwarfs in binaries. In the meanwhile, Shakura and

Sunyaev [1973] and Novikov and Thorne [1973] had originally conceived the idea

of thin-disc accretion via Roche lobes in binary systems. The height of such thin-

discs was assumed to be very small compared to the radial distance at any point

on the disc. The angular momentum of thin-discs was required to be Keplarian and

the radial velocity was required to be negligible compared to the orbital velocity of

the discs. Although such assumptions led to an elegant set of flow equations which

could be solved analytically, however the model had its own constraints. Fairly large

amount of viscosity was required in the flow to transport the high amount of an-

gular momentum and thus allow the fluid to fall towards its accretor. The origin

and nature of such significant amount of viscosity in thin accretion discs was diffi-

cult to explain (Wiita [1999] and references therein). While microscopic transport

mechanisms (ionic, molecular and radiative viscosity) were too small to account for

the necessary dissipation, related observations were extremely challenging to make,

and hence the responsibilities were usually levied upon small-scale turbulences and

magnetic instabilities (Balbus and Hawley [1998]). Moreover, the thin-disc assump-

tions are often invalid in the inner regions of the disc. Close to the event horizon,

where matter falls in supersonically with very high velocities, pressure due to the

emitted radiation is sufficient to puff the disc up to greater thickness. This radiation

pressure leads to deviation of the flow angular momentum from its Keplerian dis-

tribution. The first model incorporating a thick-disc in the inner regions joining a
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thin-disc continuously in the outer regions, was introduced by Paczyński and Wiita

[1980] through a pseudo-Newtonian scheme for the gravitational potential around a

Schwarzschild black hole. Later, models for fully general relativistic self-gravitating

thick-discs supported by radiation pressure in the inner regions were proposed by

Wiita [1982] and Lanza [1992]. But the thick-disc model also had several incon-

sistencies. Recently, theoreticians have settled for a compromise between purely

radial (spherical) and purely rotating flow by incorporating a self-consistent ‘advec-

tion’ term which might account for both radial and angular velocities along with

the corresponding radiative terms (Hōshi and Shibazaki [1977], Liang and Thomson

[1980], Ichimaru [1977], Paczynski and Bisnovatyi-Kogan [1981], Abramowicz and

Zurek [1981], Muchotrzeb and Paczynski [1982], Muchotrzeb [1983], Fukue [1987],

Chakrabarti [1989], Abramowicz [1998], Narayan and Yi [1994], Chakrabarti [1996]).

Now, unlike spherical accretion, the number of sonic points in accretion discs may

turn out to be more than one for certain given values of the accretion parameters.

Generally some sonic points are characterised by smooth flow while some occur due

to shock discontinuities in the flow. Such flows are known as ‘multi-transonic’ flows

and shall form the main constituent of our work. The investigation of multi-transonic

flows was initiated by Abramowicz and Zurek [1981]. Their work was followed by

a number of subsequent publications in this field (Fukue [1987], Chakrabarti [1989],

Chakrabarti [1996], Kafatos and Yang [1994], Yang and Kafatos [1995], Pariev [1996],

Peitz and Appl [1997], Lasota and Abramowicz [1997], Lu et al. [1997], Das [2004],

Barai et al. [2004], Abraham et al. [2006], Das et al. [2007]). All the above works, ex-

cept Barai et al. [2004], primarily dealt with low angular momentum sub-Keplerian

inviscid flow around a non- rotating black hole or prograde flow around a rotating

black hole. Barai et al. [2004] reported that high angular momentum retrograde

flows can exhibit multi-transonicity as well. The study of low angular momentum

sub-Keplerian flows is of practical significance as such flows may be considered as the-

oretical models for OB stellar wind accretion by detached binary systems (Illarionov

and Sunyaev [1975], Liang and Nolan [1984]), semi-detached low-mass non-magnetic

binaries (Bisikalo et al. [1998]), and accretion of matter from slowly rotating stellar

clusters at galactic centres by supermassive black holes (Illarionov [1988], Ho [1999]

and references therein). Flow instabilities such as turbulence and shocks can gen-

erate low angular momentum flow even in standard Keplerian discs (Igumenshchev

and Abramowicz [1999] and references therein).

3. Non-axisymmetric disc accretion:

Unlike axisymmetric discs, accretion discs with a tilted alignment of rotation with

respect to the direction of spin of the central compact object can also be formed in

general. The component of a strongly coupled binary system feeding matter may

exert tidal forces on the accretion disc. Moreover, such misaligned discs experience

torques owing to Lense- Thirring effect (Lense and Thirring [1918]) close to the hori-

zon. This leads to precession of the inner plane of the discs. The differential nature

of precession may also cause dissipative effects. Now, if the Lense-Thirring effect

overcomes the internal viscous forces, then the orbital angular momentum of the

inner plane of the disc gradually gets aligned with the central rotating black hole
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spin. This phenomena is widely known in astrophysical literature as the ‘Bardeen-

Petterson effect’ (Bardeen and Petterson [1975]). The radius of the inner disc plane

which gets aligned due to the effect is termed as ‘transition radius’. It can be de-

rived by balancing the precession effect with the inward viscous drift. Owing to

such partial alignment of non-axisymmetric discs, they appear to be warped. Signif-

icant warping of the disc is expected to impose effects which will be reflected in the

corresponding emergent spectrum. It can also potentially influence the directional-

ity of the jets rushing out from the inner planes of the accretion discs in quasars

and micro-quasars (Maccarone [2002], Lu and Zhou [2005] and references therein).

Efforts have been made to formulate systems of equation describing such warped

discs as a collection of annuli with increasing radii and a smooth variation in the

alignment of the orbital angular momentum of the disc (Petterson [1977], Kumar

[1988], Demianski and Ivanov [1997], and references therein). Scheuer and Feiler

[1996] had estimated the time scale required for the alignment of a misaligned disc

with the spin of its central rotating black hole. The geometry of such discs have

also been generated numerically using 3D SPH codes in the Newtonian (Nelson and

Papaloizou [2000]) as well as general relativistic framework (Fragile and Anninos

[2005]). However, since the transonic length scale is much smaller compared to that

of the transition radius as estimated by Bardeen and Petterson [1975], we can safely

ignore such non-axisymmetric effects in our work.

1.3 Black hole thermodynamics and Hawking radiation

Black holes in general relativity – or any other gravitational theory with field equations

directly following from a diffeomorphism covariant Lagrangian – exhibit several aspects

of resemblance with classical thermodynamic systems within the framework of classical

physics (Wald [1984], Wald [1994], Brown [1995], Hehl et al. [1998], Wald [2001]). A

considerable number of important works (Bekenstein [1972b], Bekenstein [1972a], Beken-

stein [1973], Bardeen et al. [1973], Bekenstein [1975], Israel [1976], Bekenstein [1980])

have showed that general relativistic black holes obey certain laws which have analogies

in classical thermodynamics. Such an analogy leads to the idea of ‘surface gravity’ of a

black hole. The quantity is found to be constant for a given black hole. It is analogous

to the Zeroth law of thermodynamics which suggests the constancy of temperature for a

body in thermal equilibrium. In addition, the value of surface gravity has to be non-zero.

No finite number of operations can lead to a zero value of the surface gravity. This is

analogous to the fact that the temperature of a system can never be reduced to absolute

zero (see Hehl et al. [1998] for discussions). It was also derived via black hole uniqueness

theorem (Heusler [1996] and references therein) that entropy in classical thermodynamics

is analogous to a constant multiple of the surface area of an event horizon.

Stephen Hawking, in his revolutionary paper published in 1975 (Hawking [1975]), used

quantum field theoretic calculations in curved space-time to show that the physical tem-

perature and entropy of black hole has finite non-zero value (see Page [2005] and Padman-

abhan [2005] for excellent reviews of black hole thermodynamics and Hawking radiation).

A linear quantum field, initially in its vacuum state, propagating against the dynamical

background of classical space-time describing gravitational collapse leading to the forma-

tion of Schwarzschild black hole was considered. The vacuum expectation value of the
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energy-momentum tensor of this field was found to be negative near the horizon. This

negative energy flux decreases black hole mass. The outgoing mode of the quantum field

contains particles. The expected number of these outgoing particles was observed to be

corresponding with radiation from a finite-sized perfect black body. Hence, the radia-

tion spectrum had to be of thermal nature, and the respective temperature was termed

as the Hawking temperature. The Hawking temperature of a black hole turns out to be

inversely proportional to its mass. A rough estimate reveals that TH for stellar mass black

holes would be around 107 times cooler than the cosmic microwave background radiation

(≈ 2.73 K). Supermassive black holes would radiate at even lower temperatures. Thus,

TH would be detectable only for hypothetical black holes with very small size and mass,

known as ‘primordial black holes’. Such black holes were proposed to have been formed

just seconds after the big bang due to fluctuation-induced gravitational collapse of highly

dense regions of radiation-dominated universe. The lower stable bound for the mass of

such black holes has been estimated to be around 1015 gm. Although, depending on the

model, such black holes can have masses of the order of 10−5 gm, but primordial black

holes with masses lower than the stable bound will have evaporation time-scales (due to

Hawking radiation) that are much smaller than the age of our universe, and hence will

have ceased to exist by now. The size of primordial black holes with lower stable bounds

of mass would roughly be of the order of 10−13 cm and the corresponding TH can be calcu-

lated to be approximately 1011 K, which is comparable with the macroscopic temperature

of matter accreting onto stellar mass or supermassive black holes. However, the existence

of primordial black holes is yet to be established, and at present, experimentally achiev-

able resolutions are unable to detect temperatures as small as the theoretically calculated

Hawking temperatures of stellar mass black holes. On the other hand, due to infinite grav-

itational redshift caused at the event horizon, the emergent Hawking radiation is expected

to possess trans-Planckian frequencies whose corresponding wavelengths are beyond the

Planck scale. Hence, effective low-energy theories cannot self-consistently deal with the

Hawking radiation (see Parentani [2002] for further details). The nature of physics at such

ultra-short distances is also not well understood. Hence, several fundamental issues like

the statistical interpretation of black hole entropy, and the physical origin of the outgoing

mode of the quantum field, still remain unresolved (Wald [2001]).

The aforementioned difficulties motivated physicists to look for an analogous theory whose

effects can be perceived through experimentally realisable physical systems. The theory of

an analogue Hawking phenomenon can create the possibility to verify some basic features

of black hole physics in the laboratory. Several works have attempted to propose condensed

matter or optical analogues of event horizon. Such analogue theories can have prospec-

tive utilities in the investigation of quasi-normal modes (Berti et al. [2004], Cardoso et al.

[2004]), acoustic super-radiance (Basak and Majumdar [2003], Basak [2005], Lepe and

Saavedra [2005], Slatyer and Savage [2005], Cherubini et al. [2005], Kim et al. [2005], Fed-

erici et al. [2006], Choy et al. [2006]), FRW cosmology inflationary models (Barceló et al.

[2005]), quantum gravity and sub-Planckian models of string theory (Parentani [2002]).

However, in our work, we concentrate upon the formalism behind classical analogue sys-

tems. The ‘classical analogue systems’ refer to the examples where analogue effects are

studied in classical fluids.
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1.4 Analogue gravity and acoustic geometry

Establishment of appropriate equivalences between propagating perturbations within an

inhomogeneous dynamical continuum and certain kinematical features of spacetime as

perceived in the general theory of relativity led to the formulation of analogue gravity

phenomena (Unruh [1981],Visser [1998],Barceló et al. [2005]). For instance, the linearized

equation of acoustic perturbations propagating in a transonic fluid flow, i.e. the wave

equation, when casted in a covariant form, is found to resemble the d’Alembertian equa-

tion of propagation of a linear massless scalar field in a given background space-time.

Thus, an analogous metric can be extracted out of the wave equation whose components

shall depend on the dynamics and thermodynamical variables of the fluid flow along with

properties of the background physical space-time. Such a metric is termed as an ‘acous-

tic metric’. The acoustic metric represents a pseudo-Reimannian analogue of space-time

which is seen by the propagating acoustic perturbation. This metric has various properties

which have respective analogies in physical space-time geometry. Just as the Schwarzschild

or Kerr metric possess their respective horizons and ergo-regions, so does the acoustic met-

ric. It can be shown that the acoustic metric has a corresponding acoustic horizon, where

the flow experiences transonicity, i.e. the flow undergoes a ‘smooth’ transition from sub-

sonic to supersonic. The adjective ‘smooth’ is important as such transitions can also occur

due to discontinuous jumps in the flow variables via shocks, whose significance will be

discussed later. However, such locations of discontinuous transonicity are not designated

as acoustic horizons. Acoustic perturbations propagating at sound velocity – a thermody-

namic property of the fluid – are unable to catch up with the fluid in the region where it

flows at supersonic velocities. Thus, the transonic boundary acts as an impenetrable bar-

rier for sound waves. Acoustic waves generated anywhere within the ‘acoustic ergo-region’

propagating in any direction will remain trapped inside. Similarly, acoustic perturbations

generated outside the analogue ergo-region will never be able to cross the transonic bar-

rier. This is the reason why acoustic horizons are also known as ‘dumb holes’. An acoustic

horizon is to sound waves, what an event horizon is to electromagnetic waves.

Around four decades back, in the year 1981, a new age in physics began with the re-

porting of a revolutionary result by W. G. Unruh in a pioneering scientific article (Unruh

[1981]). Unruh showed that the behaviour of normal modes near the acoustic horizon

implies that the acoustic black hole will emit sound waves with a thermal spectrum that

has a characteristic temperature given by

T =
~

2πkB

∂u

∂r

∣

∣

∣

rs
(1.1)

where kB is Boltzmann’s constant, rs is the acoustic horizon or the ‘sonic horizon’ or the

‘sonic point’ (these terms will be used synonymously henceforth) and u is the bulk radial

velocity of the embedding fluid normal to the acoustic horizon. This equation has an

uncanny resemblance with the expression for temperature of Hawking radiation given by

TH =
~c3

8πkBGMBH
, (1.2)

where c and MBH are the velocity of light and mass of the black hole respectively. Owing

to this resemblance, the temperature of the outgoing phonon spectrum reported by Unruh

is now termed as the ‘analogue Hawking temperature’ (TAH). It is evident that Hawking
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temperature is inversely proportional to the mass of the black hole, whereas the analogue

Hawking temperature is proportional to the space gradient of the advective flow velocity

of the fluid at the acoustic horizon.

We know that the Hawking temperature can be written in terms of the surface gravity

near the event horizon as

TH =
~

2πkB
κG (1.3)

where κG is the surface gravity near the event horizon. Consequently, a quantity termed

as acoustic surface gravity (κ) can be analogously defined near the acoustic horizon.

Unruh, in his work, had considered the transonic flow of a classical non-relativistic fluid

in Newtonian gravity, with a uniform sound speed all throughout the flow. This would

imply that the fluid is isothermal in nature. However, flow with a more general polytropic

equation of state would require its characteristic sound speed to have spatial dependence

like the flow velocity itself. The acoustic surface gravity for an analogue system where a

propagating acoustic perturbation is embedded in a classical polytropic fluid flowing tran-

sonically on a Minkowskian background space-time, can be calculated as (Visser [1998])

κ =

[

1

2cs

∂

∂η

(

c2s − u2
)

]

rs

(1.4)

where cs is the position-dependent sound speed (the speed of linear propagation of the

embedded perturbation in general) and ∂/∂η is derivative normal to the acoustic horizon.

The acoustic perturbations propagate along timelike curves for both fluid flow under the

influence of Newtonian gravity in flat Minskowskian space-time, as well as its general rel-

ativistic counterpart. Phonons corresponding to the acoustic propagation construct null

geodesics with respect to the acoustic metric, and generate a null surface at the acous-

tic horizon (points where the flow becomes transonic). A more general expression for

the acoustic surface gravity in curved space-time is given by (Bilic [1999],Abraham et al.

[2006],Wald [1984]),

κ =

[

√

|χµχµ|
(1− c2s)

∂

∂η
(u− cs)

]

rs

(1.5)

where χµ is a Killing field with respect to the physical space-time metric and gradient

∂/∂η = ηµ∂µ. The algebraic expression corresponding to |χµχµ| can be evaluated once

the background space-time metric describing the fluid flow as well as certain quantities

relevant to the propagation of the perturbation in a specified geometry are defined.

1.5 Astrophysics & analogue gravity

Acoustic black holes are the hydrodynamic analogues of general relativistic black holes.

Such analogues possess acoustic horizons at local transonic points. We have also seen that

analogue black holes emit an analogue Hawking radiation characterised by an analogue

Hawking temperature. The primary importance of studying analogue black holes is that

it might be possible to synthesize them experimentally in laboratories. If possible, this

would be of immense assistance in the investigation of various properties of the black hole

event horizon. It might to possible to explore the experimental manifestations of Hawking
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radiation. Although the analogue Hawking temperature would be still extremely small

and hard to detect in the presence of flow instabilities such as turbulence, but as Unruh

had stated in his seminal article – “It is, however, a much simpler experimental task than

creating a 10−8-cm black hole.”

As evident from discussions in the previous section, it is imperative that in order to

calculate the analogue surface gravity and the analogue Hawking temperature for a clas-

sical analogue system, a precise knowledge of the exact location of the sonic horizon, the

velocity and sound speed of the flow at the acoustic horizon, and the spatial derivatives of

such velocities, shall be required. Hence, a hydrodynamic system, for which such quanti-

ties can be calculated, may be chosen to represent a classical analogue gravity model.

Now, the boundary of the analogue ergo-region and the acoustic horizon do not coincide

in general. Therefore, any random configuration of transonic flow may not be suitable

for being considered as a classical analogue model. However, this condition is satisfied in

some specific stationary geometries (Visser [1998], Bilic [1999]) –

1. A spherically symmetric configuration of stationary flow, where the fluid radially

falls into a point-sink at the origin.

In such cases, the flow velocity will only consist of components that are radial and

hence perpendicular at each point on the acoustic horizon. Thus, there shall be no

difference between boundary of the corresponding ergo-region and the sonic horizon.

While discussing the various categories of black hole accretion in section 1.2.1 we

have already encountered a very suitable example of such fluid flow configuration

in the astrophysical literature. Stationary, spherically symmetric accretion onto a

Schwarzschild black hole or any non-rotating compact astrophysical object had been

studied by the astrophysicists since many years. This kind of astrophysical flow is

known as ‘Bondi accretion’, as it was investigated for the first time by Hermann

Bondi (Bondi [1952]).

2. An axisymmetric configuration of stationary flow, where fluid radially falls into a

point-sink placed at the origin.

Here also, the flow velocity comprises of non-zero components which are perpen-

dicular everywhere on the acoustic horizon. Therefore, the acoustic horizon coin-

cides with the boundary of the ergo-region. Again, well-studied examples of such

hydrodynamic configuration exist in the astrophysical literature as already discussed

in detail in section 1.2.1. Matter, while accreting onto a non-rotating or rotating

compact astrophysical object – such as a black hole or a neutron star – generally

settles in flat disc-like structures rotating around the centre, owing to some angu-

lar momentum initially carried by the flow. Such rotating discs of matter around

a black hole or neutron star are known as ‘accretion discs’. With appropriate co-

ordinate transformations of the velocity components, the flow can be formulated in

co-rotating frames, such as to transform the fluid motion into an axially-symmetric

two-dimensional configuration with zero angular momentum falling radially into a

point-sink.

Thus, we gather that since astrophysical accretion onto compact objects is essentially
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transonic for both spherical (Bondi [1952]) and axisymmetric (Liang and Thomson [1980])

flows, and that the surface of transonicity co-incides with the boundary of the acoustic

ergo-region for the two aforementioned configurations, hence accretion of astrophysical

fluid by compact astrophysical objects turns out to be a very suitable candidate of classical

analogue systems. Things become even more interesting in this case, as these are the only

available physical systems in which analogue horizons are simultaneously present beside

actual event horizons. Investigation of practical manifestations of the imprint of one on

the other might possess a potential of immense academic significance.

1.6 Connection to dynamical systems

This work is primarily concerned with stationary flows, and hence it might seem surprising

to try and draw any connection with the theory of dynamical systems. However, the

dynamical systems theory endows us with a rich plethora of elegant analytical methods

to study the behaviour of critical points, or stationary points, or equilibrium points, or

stable points, or fixed points of a system as they are called. Our work is about transonic

astrophysical flows and hence a major portion of it deals with the derivation of results

related to the sonic points of the system. If such stationary astrophysical hydrodynamic

models may be cast in the form of equations leading to the critical points of a dynamical

system, then derivation of the related critical point conditions almost always reveal direct

correlations between the critical points and the sonic points of the accreting fluid. This

connection immediately hints at the applicability of stability analysis related tools in the

theory of dynamical systems to the seemingly unrelated theory of transonic astrophysical

accretion. As a matter of fact, the approach of linear stability analysis of fixed points in

problems of general fluid dynamics has been in practice for quite some time (Bohr et al.

[1993]). Analytical methods from the theory of dynamical systems have been borrowed

in the context of investigating general accretion problems (Ray and Bhattacharjee [2002],

Afshordi and Paczyński [2003], Chaudhury et al. [2006], Mandal et al. [2007]). Even few

earlier works have explored this approach while studying the problem of astrophysical

accretion (Matsumoto et al. [1984], Muchotrzeb and Czerny [1986], Abramowicz and Kato

[1989]). In our work, we have utilized various mathematical aspects of such formalisms

and have tried to provide new insights into the problem.

1.7 Summary of work

Now that the foundation has been laid, the whole content of this thesis will be organized

according to the following scheme –

Chapter 2: The Model

In the second chapter, we elaborate our model of axisymmetric, low angular momentum,

inviscid, transonic accretion onto a black hole. We look for an appropriate physical system

which might be fit for the application of our analytical assumptions. We argue that the

general relativistic hydrodynamic equations in our model are, to a great extent, capable

of modelling flows close to the event horizon of the supermassive black hole at our own

galactic centre.
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We describe the prominent features of the galactic centre Sagittarius A*. Various necessary

system parameters are selected on the basis of a number of past and recent investigations

related to the stellar environment of the galactic centre, and the central compact super-

massive gravitating source. Mathematical construction of the physical space-time around

a rotating black hole which shall act as the background of the physical accretion flow is

formulated. Kinematics of the relativistic fluid is detailed, and all the transformations

leading to an axisymmetric flow in co-moving co-ordinates are derived in a step-by-step

manner.

Our study involves the comparision of flow properties firstly on the basis of thermody-

namic equations of state of the fluid. Relativistic derivations of expressions for various

thermodynamic variables corresponding to polytropic and isothermal fluids are presented.

The second basis of our comparative analysis involves different axisymmetric disc geome-

tries. Throughout this thesis, our endeavour has been to critically compare and discuss

the trends of variation of flow variables with the flow parameters for three separate disc

structures, viz. constant height discs (CH), quasi-spherical or conical flow discs (CF) and

discs in vertical hydrostatic equilibrium (VE). We have elaborated upon such flow geome-

tries and have provided the related derivations for heights of the polytropic and isothermal

discs held by hydrostatic equilibrium in the vertical direction.

Finally, the equations characterising our model are formulated. Relativistic continuity

equation and components of the relativistic Euler equation for the specific fluid motions

considered are derived. Since this work primarily deals with stationary flow configura-

tions, hence the corresponding stationary integral solutions of the above equations and

the expressions for various conserved quantities are calculated.

Chapter 3: Critical Points of the Flow

In the third chapter, we shall concentrate on the concept of ‘critical points’. Critical

points, or stable points, or equilibrium points, or fixed points, are important in the the-

ory of dynamical systems, as they often signify phase separations in a dynamical system.

Hence the study of their behaviour is of great interest. As mentioned in the previous sec-

tion, analysis of the transonic accretion model from such a perspective reveals correlations

between the transonic and critical contours.

We shall derive such critical conditions for three different disc geometries correspond-

ing to two separate equations of state, and thus obtain the specific relations between the

stationary sonic points and the stationary critical points for each of the six cases. To state

more precisely, the critical conditions relate the flow velocity (u) with the sound velocity

(cs) at the critical points. The velocities are functions of the radial distance (r), and an

intermediate step leading to the critical conditions gives us the expressions for the spatial

gradients of the velocities (dcs/dr and du/dr). Numerical integration of the gradients

generate the actual phase space plots, however, we shall postpone the discussion of this

numerical aspect of our problem to a more appropriate chapter, and shall only present

the analytical derivation of the expressions for the gradients at the critical points which

would be necessary to calculate the initial conditions for the numerical integrations to be

carried out later.
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We shall develop a formalism in order to solve for the the location of critical points (rc)

for a given set of the accretion parameters viz. specific energy (E), specific flow angular

momentum (λ), polytropic index (γ) and black hole spin (a) for polytropic flows, and bulk

flow temperature (T ), flow angular momentum (λ) and black hole spin (a) for isothermal

flows. The formalism will help us in plotting parameter space diagrams and investigating

the physically admissible ranges of the flow parameters for different types of transonic

accretion to occur for various flow configurations being considered.

Chapter 4: Classification of Critical Points

In the fourth chapter, the connection of the astrophysical problem of black hole accretion

to the theory of dynamical systems becomes more clear, as we present a scheme based

on the tools of linear stability analysis. Such an analysis can be used for a qualitative

prediction of the nature of those critical points obtained in the previous chapter. The

scheme is based on purely analytical methods. Generation of the actual phase-space tra-

jectories while resorting to numerical integration algorithms is not required to identify the

categories of the various critical points of the system (nodes, spirals, saddles, centres etc.).

The scheme involves linearization of the expressions for space gradients of the squares

of the flow velocity (du2/dr) following the introduction of small first order perturbations

in the flow variables in close neighbourhood of the critical points. The resultant perturba-

tive equations can be parametrized with respect to some suitable mathematical parameter

to provide a first order autonomous set of differential equations. When written down

in matrix notation, the eigenvalues of the co-efficient matrix of the set of equations are

obtained and a specific function (Ω2) of the eigenvalues is defined such that it depends

exclusively on the critical point location (rc), either explicitly or implicitly (via uc and

csc). Thus, once the critical point locations for a given flow configuration are obtained

following the formalisms established in the previous chapter, the corresponding values of

Ω2 can be readily calculated and such values will turn out to be the indicators of the types

of the respective critical points.

Since specific ranges of values of Ω2 characterise specific kinds of critical points, hence

plots of Ω2 vs. other system parameters shall depict a complete picture of the critical

behaviour of the given system over entire parameter domains. Transition of the nature of

the flow from mono-transonic to multi-transonic can be visualised as bifurcations in the

system. Such ‘bifurcation diagrams’ provide an elegant dynamic picture of the behaviour

of critical points corresponding to the stationary flow along a given accretion parameter.

These are extremely simple yet highly rich data-banks containing lots of information and

capable of throwing light on the system from a wide scope of angles.

Chapter 5: Discontinuities in the Flow

In the fifth chapter, we attempt to formulate the conditions for discontinuities in the flow.

We shall discuss the importance of such discontinuities in the context of multi-transonic

accretion. We shall also emphasize upon the physical arguments supporting the feasibility

of the generation of discontinuities in our flow model in the form of shocks.
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The mathematical treatment of the ‘shock-problem’ is grounded on the conservation of cer-

tain quantities across the shock surface, viz. the particle number, flow momentum, energy

(in case of polytropic flow) and some equivalent of energy known as ‘quasi-specific’ energy

(ξ, in case of isothermal flow). These conservation rules are written down in the form of

the relativistic Rankine-Hugoniot conditions. We shall further assume that the shocks are

stationary and the shock-width is infinitesimally small. Physical arguments in favour of

such assumptions will be presented. Expanding the Rankine-Hugoniot conditions for six

separate flow configurations, we shall combine the conditions for each, cancelling terms

on both sides of the shock with explicit r-dependence (due to infinitesimally-thin-shock

assumption) and retaining only the implicitly r-dependent (u and cs-dependent) terms.

Thus, we shall obtain expressions corresponding to a single mathematical quantity (Sh)

which will be termed as the ‘shock-invariant’ quantity. The shock-invariant quantity has

the unique property of remaining unaltered exclusively across shock locations, and hence

serves as a weapon to hunt for shocks across phase trajectories joining separate branches

of flow.

We shall finally be required to use elaborate numerical integration schemes to generate

the phase space plots for different configurations of flow over different sets of values of

the accretion parameters selected from the parameter space diagrams obtained in chap-

ter 3 allowing for multi-‘critical’ (note the use of ‘critical’ instead of ‘transonic’) solutions.

While generating the phase trajectories we shall check for the invariance of Sh at a given r,

across all possible flow branches passing through that r. Positive results of this check shall

indicate the radial distances at which the formation of a relativistic Rankine-Hugoniot

shock is permitted. Shocks are essential for the super-sonic to sub-sonic transition of the

flow and another subsequent transonicity to occur as the fluid starts accelerating again.

Hence, it will allow us to construct more specific parameter space diagrams that will de-

pict the parameter domains pertaining to actual physical multi-‘transonic’ solutions. The

ratio of various flow variables – shock strength, compressibility, energy dissipation (for

isothermal shocks) etc. – will be calculated across such shock locations. The variation

of such quantitites with the accretion parameters will be traced in order to investigate

the nature and comparative effect of shocks on the different types of flow configurations

being considered in our work. It will also be reported that isothermal shocks are capable

of dissipating significantly large amounts of gravitational energy of the accreting fluid.

Chapter 6: Quasi-terminal Values

The sixth chapter will deal with the nature of flow variables at extreme close vicinities

of the event horizon. Such values will be termed as ‘quasi- terminal’ values and shall be

denoted by Vδ, where V is the corresponding variable (Mach number, pressure, density,

temperature etc.) and δ is an extremely small fraction of the gravitational radius (∼
0.0001) signifying the radial distance from the event horizon at which the quasi-terminal

values are obtained.

We shall investigate the variation of quasi-terminal values with the accretion parameters

– the black hole spin in particular – for three separate disc geometries and two different

thermodynamic equations of state. A comparative analysis of multi-transonic accretion

for all such configurations shall involve a careful study of the common parameter re-
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gions corresponding to multi-transonic stationary flow solutions obtained in the previous

chapter. Discrepancies reported in the variational trends of flow related variables will be

established as side-effects of insignificant overlap in parameter regions corresponding to

multi-transonic solutions. Comparative analysis of the variation of Vδ for mono-transonic

accretion over almost entire astrophysical ranges of the accretion parameters will reveal

common global behaviours for all configurations. Variation with respect to black hole spin

will also bring forth stark asymmetries in the distribution of Vδ over positive and negative

spins, thus hinting towards a possible observational signature of distinction between pro-

grade and retrograde flows.

In the last section, we shall explain how all the calculations presented and all the results

reported in the previous chapters converge together to play a vital role in the realisation

of a greater goal – simulating the shadow image of an event horizon. A large number

of such images constructed over various combinations of the parameter values and flow

configurations might serve as theoretical charts for comparision with actual images of the

galactic-centre event horizon being captured by earth-sized Very Long Baseline Interfer-

ometer (VLBI) arrays such as the Event Horizon Telescope (EHT). The first ever recorded

shadow image of a galactic centre black hole (SMBH at the centre of M87, weighing ap-

proximately 6.5 billion Suns and 55 million light years away from us) has already been

released by the EHT-ESO collaboration on the 10th of April, 2019, and similar images of

Sagittarius A* are awaited. We present a glimpse into the overall scheme of such ongoing

collaborations at a variety of larger scales, of which this work is a primary constituent.

Chapter 7: Acoustic Black Holes

In the final chapter, we shall connect all the dots and utilize the results obtained regard-

ing galactic centre black hole accretion to study the system as a unique classical analogue

gravity model with the co-existence of both acoustic horizons and event horizon. Our

attempt would be to investigate the effects of the event horizon and curved background

space-time on the analogue effects of transonic fluid flow, which, except for a few preceding

works, have been mainly studied so far, either for quantum fluid analogues with nothing

to do regarding considerations of real space-time, or for classical non-relativisitc fluid flow

in flat physical space-time.

Among the various analogue effects, our specific attention will be towards ‘analogue surface

gravity’ (κ) and the corresponding ‘analogue Hawking temperature’ (TAH). First of all,

we shall consider the continuity and Euler equtions for a barotropic, inviscid, Newtonian

fluid in irrotational flow in a flat background space-time. We shall derive the expression

for the ‘acoustic metric’ (Gµν) through the comparision of a covariant formulation of the

equation of propagation of a linear perturbation in the velocity potential of the fluid with

an equation describing the propagation of perturbations in a linear massless scalar field

with a (3 + 1) dimensional background Lorentzian geometry. Then we shall establish the

corresponding analogues of general relativistic properties and concepts of an actual space-

time metric, such as ‘ergo-regions’, ‘trapped surfaces’ and ‘event horizons’, leading to the

detailed derivation of the expressions for the analogue surface gravity and the respective

analogue Hawking temperature.
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Next, along exactly similar lines, we shall derive the acoustic metric for barotropic, in-

viscid, irrotational flow of a relativistic fluid in a general curved background space-time.

The methods used would remain the same, only the framework of calculations would be

fully relativistic allowing for such extreme conditions as highly energetic flows with rela-

tivistic velocities in significantly strong gravity regions. Gravitational analogues related

to real physical space-time metric shall be established, and corresponding expressions for

analogue surface gravity and analogue Hawking temperature will be calculated.

Finally, our knowledge regarding the analytical formalisms to derive and calculate the

analogue surface gravity at the acoustic horizons will be used to study the variation of κ

with various accretion parameters. A comparision of the variation pattern of the location

of acoustic horizons (i.e. the sonic points rs) and their respective acoustic surface grav-

ity (κ) with any given accretion parameter will reveal the influence of the curvature of

background space-time upon the analogue acoustic space-time. It will provide a definitive

picture of the gravity-analogue gravity correspondence in the present context. Further, the

variational trends of κ will be comparatively analysed for different types of astrophysical

black hole accretion discs pertaining to astrophysical fluids with different thermodynamic

equations of state. Variation of κ for both multi-transonic accretion over intrinsically lim-

ited parameter domains, and mono-transonic accretion over entire astrophysical parameter

domains will be reported. Thus, this work will establish accreting astrophysical black hole

systems as the natural examples of classical analogue models.
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Chapter 2

The Model

Summary

X Description of the physical model – the accretor.

X Configurations of the background physical space-time metric.

X Thermodynamic properties of the accreting fluid.

X Necessary equations related to the fluid and its dynamics.

X Various flow geometries for comparative analysis.

2.1 The accretor

Our work deals with axisymmetric, low angular momentum, inviscid, multi-transonic ac-

cretion. As discussed in the previous chapter, for rotating matter to fall spirally towards

the event horizon, the angular momentum supporting the fluid in its rotational orbit

against gravitational pull of the accretor, is required to be gradually transported out of

the system. For an accretion disc to be thin, the necessary angular momentum is high

and the proposed mechanisms of angular momentum transport could not account for the

dissipation of such high values. Moreover, in regions close to the event horizon, due to

relativistic supersonic velocities of the fluid, the resulting radiation pressure on the disc is

bound to invalidate most of the assumptions regarding a thin-disc configuration. Hence,

in order to study the flow properties in close proximity of the event horizon – which is the

principle motivation behind the general relativistic treatment in our work – we need to

consider a black hole accretion model with low, sub-Keplerian values of the flow angular

momentum. This consideration does away with the necessity of dissipation of the excess

rotational energy for the fluid to accrete onto the central gravitating source, and in turn,

justifies our inviscid assumption.

However, in order to choose physically appropriate values of parameters of the system

such as mass of the accretor and its accretion rate, specific energy (for polytropic fluids)

or temperature (for isothermal fluids) and the range of specific angular momentum of the
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flow, we need to look for actual accreting systems to which our assumptions may apply.

Accretion onto stellar-mass black holes due to the tidal rupture of companion stars, ini-

tially in mutual orbits as binary systems, is supposed to be characterised by a Keplerian

distribution of angular momentum. Such accretion occurs via Roche lobe accompanied by

a thin rapidly rotating disc. In case of low-mass X-ray binaries, accretion occurs through

an inner Lagrange point and the circularisation radius is quite significant compared to the

Roche radius (≈ 104 Rg, where Rg is the gravitational radius). In case of high-mass X-ray

binaries the circularisation radius of accretion flow turns out to be less (≈ 103 Rg), but it

is large enough for inflow to occur only via angular momentum transport. Hence stellar

mass black holes do not turn out to be suitable candidates for our cause. But there exists

another kind of black holes which are often fed by matter with significantly low instrinsic

angular momentum. These are monstrous black holes now known to be lurking at the

centre of each galaxy. Their mass ranges from millions to billions of Suns. It is because of

their enormous mass and gravitational radius, that these are called ‘super-massive’ black

holes (SMBHs).

The appetite of a galactic centre super-massive black hole along with the availability

of feeding material, together determine the activity of the central region of a galaxy. Some

of the galactic centres are extremely active, spewing out huge amounts of particles in

the form of relativistic jets, over distances that are orders of magnitude larger than the

dimensions of the host galaxy itself. These are known as bright ‘active galactic nuclei’

(AGNs). Quasars and Seyfert 1 galaxies fall into the category of such bright AGNs. In

such cases, the accreting material either originates from the neighbouring stars (as stellar

winds) or from the gaseous phase of the galactic material. The bright AGNs with very

high radiative efficiencies show evidences of high angular momentum flow near the galac-

tic centres. The accretion discs are prominent and comparable with those of the binary

systems discussed above. Hence such luminous and highly active galactic centres also do

not fit in our requirements.

Fortunately, neither all galactic centres have a rich environment to feed, nor all galactic-

centre black holes are as heavy as those associated with quasars. Many galaxies have

a weakly active centre with low radiative efficiency. It might be tempting to model the

accretion phenomenon occuring at such galactic centres using Bondi flow, i.e. spherically

symmetric radial flow. However, it has been reported that pure Bondi flow has radiative

efficiencies that are too low to agree with the observed luminosities corresponding to most

of the weakly active galaxies (Moscibrodzka [2006]). Thus a reasonable analytical mod-

elling can be achieved in such cases by breaking the spherical symmetry and yet avoiding

the angular momentum trasport problem due to slow rotation of the disc. Hence, these

galaxies with low angular momentum flows in the central region and feebly feeding super-

massive black holes, are going to be the focus of our investigation. And interestingly, we

do not even need to look far for the best possible candidate.

Sagittarius A* (Sgr A*) is a compact and decently bright astronomical radio source, which

resides at the centre of our own resident galaxy and is thought to be a spinning supermas-

sive black hole. The galactic-centre environment of the Milky Way is extremely suitable

for the application of a low angular momentum, inviscid, axisymmetric, general relativistic

hydrodynamic model (Moscibrodzka et al. [2006]). It is located near the border of the con-
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stellations Sagittarius and Scorpius. It is approximately 26000 light years away from the

solar system and hence offers the largest available angular resolution for a supermassive

black hole from the earth. Over the years, astronomers have been zeroing in on the mass

of Sgr A* by meticulously studying the orbit of the stars around it. The mass we shall be

using in our work follows the widely accepted recent estimate (Ghez et al. [2008], Gillessen

et al. [2009]), which is around 4.3×106 M⊙. The mass accretion rate has been taken to be

4.6 × 10−6 M⊙ per year, in accordance with the latest studies of stellar winds from stars

near the galactic centre (Moscibrodzka et al. [2006], Czerny et al. [2007], Marrone et al.

[2007], Ferrière [2009], Genzel et al. [2010]).

Sgr A* is an interesting candidate for the investigation of accretion processes onto su-

permassive black holes due to some of its observational features that are unique. The

observed luminosities and the radiative spectrum of Sgr A* do not comply with those

predicted by the standard thin disk model proposed by Shakura and Sunyaev (Shakura

and Sunyaev [1973]). The luminosity predicted by the Shakura-Sunyaev model turns out

to be orders of magnitudes higher than what is observed. In order to address such in-

consistency, attempts had been made to apply the spherical Bondi flow (Bondi [1952])

and advection-dominated accretion flow (ADAF) (Narayan and Yi [1994],Narayan and Yi

[1995]) for modelling hydrodynamics around Sgr A*. The main parameter demarcating

these models is the angular momentum of the flow. While Bondi accretion possesses no

net angular momentum, ADAF corresponds to high values of the same. However, both

models lead to highly advected flows with radiative efficiencies that are much lower than

the observed results (Okuda and Molteni [2012]). The Bondi model can indeed describe

the environment around Sgr A* in detail (Melia [1992],Melia et al. [2001]) and is often

used to estimate the mass accretion rate, however the model works only when the Bondi

radius is smaller than that of the inner-most stable circular orbit (ISCO). Also, it cannot

be extended to regions in close proximity to the event horizon owing to obvious limitations

due to oversimplicity of the model. The ADAF model serves as a work-around to such

limitations, however it leads to considerably high angular momentum flow at the outer

boundary and since most the heat is advected into the flow, the flow temperatures tend

to be extremely high and consequently, the resultant radiative efficiency turns out to be

significantly lower than its observed values.

2.2 The physical space-time metric

A (3+1) stationary axisymmetric space-time is considered with two commuting Killing

fields. The local timelike Killing field ξµ ≡ (∂/∂t)µ = δµt generates stationarity and

φµ ≡ (∂/∂φ)µ = δµφ generates axial symmetry. The Boyer-Lindquist line element on the

equatorial plane of the space-time metric for an uncharged, rotating black hole is given

by,

ds2 = gµνdx
µdxν = −r

2A

∆
dt2 +

A

r2
(dφ− ωdt)2 +

r2

∆
dr2 + dz2, (2.1)
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where

∆ = r2 − 2r + a2 (2.2)

A = r4 + r2a2 + 2ra2 (2.3)

ω =
2ar

A
, (2.4)

where ω represents the rate of frame dragging by the black hole, a being the Kerr parameter

which in turn is related to the spin angular momentum J of the black hole through the

relation a = Jc/GM2, where −1 < a < 1. Calculations have been carried out using

natural units, i.e. G =M = c = 1. Thus, all masses are measured in units of M , distances

are measured in units of GM/c2, times are measured in units of GM/c3 and all velocities

are scaled in units of c, where G is the universal gravitational constant, M is the mass of

the respective black hole and c is the velocity of light. Thus, on the equatorial plane, the

horizon is located at the outer boundary of grr = ∆/r2 = 0, i.e. r+ = 1 +
√
1− a2.

2.3 Relativistic kinematics of the fluid

The accreting fluid has been considered from different frames of reference which transform

according to the prescriptions of (Taub [1978], Gammie and Popham [1998], Popham and

Gammie [1998], Novikov and Thorne [1973]). The first frame is the Boyer-Lindquist frame

(BLF) that has been used to define the background space-time metric. The co-ordinates of

this frame make it extremely convenient to deal with the calculations for an axisymmetric

disc. Although, singularities can be handled efficiently using other co-ordinate prescrip-

tions (such as Eddington-Finkelstein co-ordinates (Misner et al. [1973])), however such

issues are of less astrophysical significance in our problem, and hence BLF is much more

favourable in the present context. The next frame is designated as a locally non-rotating

frame (LNRF) which is an orthonormal tetrad basis located at some constant z and r but

at φ = ωt+ constant. Bardeen et al. [1972] have illustrated explicit transformations be-

tween the BLF and LNRF. In the next step, the LNRF is given an azimuthal Lorentz-boost

such that it starts co-rotating with the fluid. This new frame is known as the co-rotating

frame (CRF). Finally, the CRF is given another Lorentz-boost, but this time in the radial

direction, such that the frame is at rest with respect to the fluid spiralling inwards to

fall into the horizon. Hence this final frame is named local rest frame (LRF). vµ is the

4-velocity of the accreting fluid in this frame which is a unit vector field tangent to the

flow streamline. The 4-velocity can be expressed in terms of the 3-velocity components ui

as follows (Landau and Lifshitz [1994], Bilic [1999]),

vµ =
1√

1− u2

(

1√
g00

− g0ju
j

g00
;ui
)

(2.5)

vµ =
1√

1− u2

(√
g00;

g0i√
g00

− g′iju
j

)

, (2.6)

where, u, which is the norm of the 3-velocity of the flow on its equatorial plane, is conven-

tionally termed as the ‘advective velocity’, and g′ij is the induced three-dimensional spatial

metric given by,

g′ij =
g0ig0j
g00

− gij , (2.7)

and hence,

u2 = g′iju
iuj (2.8)
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with i and j running over the spatial indices 1, 2 and 3.

A set of hypersurfaces, {Σu}, is defined by,

u2 − c2s = 0, (2.9)

where cs is a constant, 0 ≤ cs < c. Considering a two-dimensional axisymmetric flow in a

stationary axisymmetric space-time and using the notation ui =
(

ur, uφ, uz
)

where uz = 0,

the 4-velocity is given by,

vµ =
1

1− u2

(

1√
g00

− g0φu
φ

g00
, ur, uφ, 0

)

, (2.10)

vµ =
1

1− u2

(

√
g00,−grrur,

g0φ√
g00

−
(

g20φ
g00

− gφφ

)

uφ, 0

)

. (2.11)

Hence, the ‘advective velocity’ can be expressed as,

u2 = u2‖ − grru
rur, (2.12)

where, u2‖ =

(

g20φ
g00

− gφφ

)

uφuφ.

For axially symmetric flows in the co-rotating frame, uφ = 0, and as a consequence, the

tangential component u‖ vanishes. Since the 4-velocities at each point may be decomposed

into normal and tangential components with respect to the hypersurface {Σu}, therefore
in the co-rotating frame of reference, uφ = 0 implies that the normal component u⊥ = u.

The specific angular momentum (angular momentum per unit mass) λ of the flow is given

by

λ = −vφ/vt, (2.13)

The transition to a co-rotating frame is accomplished by the co-ordinate transformation

dφ = dφ′ +Ωdt, (2.14)

where, using eqn.(2.13), the angular velocity Ω of the flow is given by

Ω =
vφ

vt
=
gµφvµ
gµtvµ

=
gtφvt + gφφvφ
gttvt + gφtvφ

=
gtφvt − λgφφvt
gttvt − λgφtvt

=
gtφ − λgφφ

gtt − λgφt
. (2.15)

Hence, the normalization condition vµvµ = −1 leads to the expression for the time com-

ponent of vµ given by

vt =

√

g2tφ − gttgφφ

(1− λΩ)(1− u2)(gφφ + λgtφ)
. (2.16)

2.4 Equations of the flow

The accreting fluid is considered to be a perfect fluid with energy-momentum tensor

T µν = (p+ ǫ)vµvν + pgµν (2.17)

where p, ǫ and ρ are isotropic pressure, total mass-energy density and rest mass density

of the fluid respectively. Other relevant features of the fluid include its thermodynamic
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properties (equation of state) and geometry of the flow. These have been detailed sepa-

rately in subsequent sections.

The two basic equations used in our analysis are the energy-momentum conservation equa-

tions,

T µν
;ν = 0 (2.18)

and the baryon number conservation equations,

(ρvµ);ν = 0 (2.19)

respectively. Stationary solutions of the above equations lead to the first integrals of

motion for the system. The first integrals thus obtained can be broadly identified as -

• the specific energy (E) or the quasi-specific energy (ξ) depending on the equations

of state - polytropic or isothermal, respectively, and

• a reduced form of the mass accretion rate (Ṁ), which is interpreted as the accretion

rate of entropy (Ξ̇).

The exact algebraic form of the preliminary equations, the first integrals and the respective

stationary solutions depend on the equations of state, the geometry of the flow and are

also subject to the choice of co-ordinates for the background space-time metric, which

have been elaborated accordingly in the subsequent chapters.

2.5 Equations of state

The equation of state,

p = Kργ (2.20)

describes polytropic accretion, where the polytropic index γ (ratio of the specific heats Cp

and Cv) is assumed to be constant for the steady state flow. If validity of the Clapeyron

equation for an ideal gas is assumed in addition, i.e.,

p =
kB
µmp

ρT, (2.21)

where µ is the mean molecular mass of fully ionized Hydrogen atom, mH ∼ mP is the

mass of the Hydrogen atom, κB is the Boltzmann constant and T is the locally measured

temperature, then the entropy per particle is given by (Landau and Lifshitz [1959]),

σ =
1

γ − 1
logK +

γ

γ − 1
+ constant (2.22)

where the constant depends on the chemical constituents of the accreting fluid. Therefore,

the proportionality constant K in eq.(2.20) is considered as a measure of the specific

entropy of the accreting fluid when additional entropy is not generated. The specific

enthalpy h is formulated as

h =
p+ ǫ

ρ
, (2.23)

where,

ǫ = ρ+
p

γ − 1
(2.24)
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signifies the total internal energy density of the relativistic fluid.

The adiabatic sound speed cs for the relativistic fluid at constant entropy is defined by

c2s =

(

∂p

∂ǫ

)

constant entropy

(2.25)

=⇒ c2s = Kγργ−1

(

∂ρ

∂ǫ

)

=⇒ ρ =

(

c2s
γK

)
1

γ−1
(

∂ǫ

∂ρ

) 1
γ−1

(2.26)

Differentiating eqn.(2.24) w.r.t. ǫ,

1 =
∂ρ

∂ǫ
+

1

γ − 1

∂p

∂ǫ

=⇒ ∂ρ

∂ǫ
= 1− c2s

γ − 1
=
γ − (1 + c2s)

γ − 1
(2.27)

Substituting eqn.(2.27) in eqn.(2.26),

ρ =

(

c2s
γK

)
1

γ−1
(

γ − 1

γ − (1 + c2s)

)
1

γ−1

(2.28)

Using the above relations, the expression for the specific enthalpy at constant entropy in

terms of cs is given by

h =
γ − 1

γ − (1 + c2s)
(2.29)

Similar expressions for the pressure, total internal energy density and temperature in terms

of cs are obtained as,

p = K
−1
γ−1

(

c2s
γ

)

γ
γ−1

(

γ − 1

γ − (1 + c2s)

)
γ

γ−1

(2.30)

T =
µmP

kB

(

c2s
γ

)(

γ − 1

γ − (1 + c2s)

)

(2.31)

ǫ =

(

c2s
γK

)
1

γ−1
(

γ − 1

γ − (1 + c2s)

) 1
γ−1
[

1 +
1

γ

(

c2s
γ − (1 + c2s)

)]

. (2.32)

We have also investigated the isothermal accretion flow, with the equation of state given

by

p = ρc2s (2.33)

Comparing with the Clapeyron equation,

ρc2s =
R
µ
ρT =

ρκBT

µmH
(2.34)

c2s =
κBT

µmH
(2.35)

whereR is the universal gas constant, κB is the Boltzmann constant, T is the flow temper-

ature, µ is the mean molecular mass of fully ionized hydrogen and mH ∼ mP is Hydrogen

atom mass approximated to be equal to the mass of proton, respectively.
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2.6 The first integrals of motion

2.6.1 Integral stationary solution of the linear momentum conservation

equation

Contracting eq.(2.18) with φµ, where φµ ≡ (∂/∂φ)µ = δµφ ,

φµT
µν
;ν = 0

φµ [(p+ ǫ)vµvν + pgµν ];ν = 0

φµ [(p+ ǫ)vµvν ];ν + φµp,νg
µν = 0

φµ [(p + ǫ)vµvν ];ν + p,tg
φt + p,φg

φφ = 0

Since, for stationary axisymmetric flows, p,t = p,φ = 0,

φµ [(p+ ǫ)vµvν ];ν = 0

[φµhv
ν ];ν = 0 (2.36)

where, the condition for baryon number conservation (eqn.(2.19)) has been considered

and the isentropic specific enthalpy h is given by eqn.(2.23). Thus, one obtains hvφ, the

angular momentum per baryon, which is constant throughout the flow.

Similarly, contracting eq.(2.18) with ξµ, where ξµ ≡ (∂/∂t)µ = δµt ,

ξµ [(p + ǫ)vµvν + pgµν ];ν = 0

[ξµhv
ν ];ν = 0 (2.37)

The constant quantity, hvt, is the relativistic version of the Bernoulli’s constant. It can be

identified with E , the total specific energy of the ideal GR fluid (see, e.g., Das and Czerny

[2012] and references therein) scaled in units of the rest mass energy. The corresponding

expression for conserved energy E is therefore given by

E = hvt =
γ − 1

γ − (1 + c2s)

√

g2tφ − gttgφφ

(1− λΩ)(1− u2)(gφφ + λgtφ)
(2.38)

It is clear that the expression for E depends on space-time geometry. It does not depend

on matter geometry. Since the flow has been assumed to be non self-gravitating, hence the

accreting fluid does not back-react on the space-time metric itself. In case of isothermal

flow, energy gets dissipated in order to maintain a constant temperature. Thus, the total

specific energy is not conserved. Integration of the relativistic Euler equation leads to

an entirely different algebraic form to define the first integral of motion which cannot

be identified with the total energy of the system. The energy-momentum conservation

equation obtained by setting the 4-divergence (covariant derivative w.r.t. ν) of eqn.(2.18)

to be zero is,

p,ν(g
µν + vµvν) + (p+ ǫ)vνvµ;ν = 0 (2.39)

Using eqn.(2.33), the general relativistic Euler equation for isothermal flow becomes,

c2s
ρ
ρ,ν(g

µν + vµvν) + vνvµ;ν = 0 (2.40)

Using the irrotationality condition ωµν = 0, where ωµν = lαµ l
β
ν v[α;β],

ωµν being the vorticity of the fluid, lαµ being the projection operator in the normal direction
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of vµ

lαµ = δαµ + vαvµ, and v[α;β] =
1
2 (vβ;α − vα;β), we obtain,

∂ν(vµρ
c2s)− ∂µ(vνρ

c2s) = 0 (2.41)

Taking the time component, we thus observe that for an irrotational isothermal flow,

vtρ
c2s turns out to be a conserved quantity. The square of this quantity is defined as the

quasi-specific energy, which is a first integral in this case and is given by,

ξ = v2t ρ
2c2s (2.42)

It must not be confused with the total conserved specific energy E .

2.6.2 Integral stationary solution of the mass conservation equation

The mass conservation equation (2.19) gives

1√−g (
√−gρvµ),µ = 0, (2.43)

where g ≡ det(gµν). This implies
[

(
√−gρvµ),µd4x = 0

]

, where
√−gd4x is the covariant

volume element. We assume that vθ (in spherical polar co-ordinates)/ vz (in cylindrical co-

ordinates) are relatively negligible when compared to the transformed radial velocity com-

ponent vr. Using such assumption we obtain ∂r(
√−gρvr)drdθdφ = 0, for stationary flow

in spherical polar co-ordinates, and ∂r(
√−gρvr)drdzdφ = 0, in cylindrical co-ordinates.

The equations are integrated for φ ranging from 0 to 2π and θ ranging from −Hθ to Hθ,

or z ranging from −Hz to Hz, where ±Hθ and ±Hz are the corresponding values of the

co-ordinates above and below the equatorial plane in spherical or cylindrical co-ordinate

systems, respectively, for local half thickness H, to obtain a quantity Ṁ , which is constant

throughout the flow when θ = π
2 (i.e. on the equatorial plane). Physically, Ṁ signifies

the amount of mass flowing per unit time through a given cross-section of the disc at a

radial distance r and hence it represents the ‘mass accretion rate’. The expression for Ṁ

is different for different matter geometry configurations. A generalized expression for Ṁ

may be written as

Ṁ = ρvrA(r) (2.44)

where A(r) represents the 2D surface area through which the steady state inbound mass

flux is calculated.

2.7 Geometric configurations of the flow

Investigations have been carried out for three different geometric configurations of axially

symmetric flow, as described below:

H = constant

Event Horizon

Equatorial plane

Figure 2.1: Accretion disc with constant height
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1. In the simplest possible set up, the thickness of the accretion flow is usually assumed

to be space invariant, i.e., for the stationary state, one deals with an accretion disc

with constant thickness (H ≡ constant). Such a disc resembles a cross section of a

right circular cylinder with constant height (Fig. 2.1).

H / r = constant

Event Horizon

Equatorial plane

r

Figure 2.2: Quasi-spherical disc

2. In the next variant, the flow is considered to be quasi-spherical in shape, where the

ratio of the radial distance at a point and the local half thickness at that partic-

ular point remains invariant for all r (H ≡ Λr, Λ being a constant) (Fig. 2.2).

Quasi-spherical flow, or the conical flow, as is it called in the literature (e.g. Nag

et al. [2012], Bilić et al. [2014]), is considered to be ideal-most to model low angular

momentum, advection dominated, inviscid accretion.

H = H(r)

Event Horizon

Equatorial plane

r

Figure 2.3: Disc held by hydrostatic equilibrium in the vertical direction

3. A rather non-trivial axially symmetric accretion configuration requires the matter to

be in hydrostatic equilibrium along the vertical direction. In such a configuration,

the local flow thickness becomes a non-linear function of radial distance, as well as of

the advective velocity and the local radial sound speed (H ≡ H(r, u, cs)) (Fig. 2.3).

In order to derive the disc height in our work, we have followed the prescription laid

down by (Abramowicz et al. [1997]) whose calculations can accommodate for thin

disc and quasi-spherical geometry involving stationary flows and also involve equa-

tions that do not introduce unphysical singularities in the final vertical equation as

in (Novikov and Thorne [1973], Riffert and Herold [1995], Abramowicz et al. [1996]).

• Derivation of disc height for polytropic flows

The equation of disc thickness (Abramowicz et. al. 1997) takes the fol-

lowing final form with thin-disc approximation,

−2
p0
ρ0

+

(

H

r

)2
L 2

∗

r2
= 0 (2.45)

where,

L
2
∗ = λ2v2t − a2(vt − 1). (2.46)

The subscript ‘0’ would denote values on equatorial plane of the disc. Since

we are interested in stationary solutions along equatorial planes of the discs,

26



all dynamical and thermodynamic flow variables upon the plane are defined as

quantities integrated vertically along the disc height, as

v0 =

∫ +H

−H
v(z)dz (2.47)

where v(z) is the distribution of a flow-related variable along the vertical di-

rection z, H is the half-thickness of the disc, and the subscript 0 indicates the

value of the respective quantity upon the equatorial plane.

Using eqn.(2.28) and eqn.(2.30),

p0
ρ0

=

(

c2s
γ

)(

γ − 1

γ − (1 + c2s)

)

(2.48)

Substituting in eqn.(2.45),

H2 = 2

(

c2s
γ

)(

γ − 1

γ − (1 + c2s)

)

r4

λ2v2t − a2(vt − 1)
(2.49)

• Derivation of disc height for isothermal flows

Eqn.(2.45) holds for all thin axisymmetric discs in vertical hydrostatic equilib-

rium irrespective of the equation of state of the fluid. Hence, the corresponding

disc height for isothermal flows can be calculated by substituting for the ratio

of pressure and density from the isothermal equation of state (Tarafdar et al.

[2017]).

H2 = 2
p0
ρ0

r4

L 2
∗

=
2c2sr

4

λ2v2t − a2(vt − 1)

=
2κBr

4T

µmH(λ2v2t − a2(vt − 1))
(2.50)

Now that we are equipped with all the necessary knowledge regarding the background

space-time, the accreting fluid itself and its fundamental equations, we proceed to elaborate

the methods to solve for stationary transonic solutions and analyse their nature, in the

following chapters.
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Chapter 3

Critical Points of the Flow

Summary

X What are critical points?

X Derivation of critical point conditions for all flow configurations

X Drawing a generic parameter space diagram for transonic accretion using the

critical point conditions

X Comparative analysis of parameter space diagrams for different types of flow

3.1 Critical points

x

f(x)

f(x) = ẋ

Figure 3.1: Critical points on a phase plot

Let us consider the function ẋ = f(x) depicted in fig. 3.1 which represents the ve-

locity of a particle plotted against its position in one dimension. Such figures are known

an phase-space plots. Conventionally, positive velocity would indicate that the particle

is moving along the x-axis, i.e. to the right. Similarly, negative velocity will correspond

to the moving of the particle to its left. While passing through a phase point located
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anywhere on the f(x) > 0 and f(x) < 0 curves, the particle proceeds in a unique direc-

tion. However, it encounters two opposite directions at phase points lying on the x-axis.

All possible phase trajectories either converge onto these points or diverge from them. A

system resting on such a point, on being subjected to small local perturbations, would

either re-stabilize to its unperturbed state or de-stabilize away from it. Such values of x

where f(x) = 0 are called fixed points or stable points or critical points of the system. To

avoid any confusions, we would like to inform the reader that these terms will be used

synonymously throughout the thesis in our context.

The number of dynamical physical systems and their respective phase space plots are

innumerably large. Depending on dimensions of the system, the natures of stable points

in its phase space are equally diverse. There are nodal points, centre-type points, spiral

points and saddle points as depicted in the following figures.

Unstable node Stable node

Figure 3.2: Nodal stable points

Unstable spiral Stable spiral

Figure 3.3: Spiral-type stable points

Fig. 3.2 illustrates the simplest type of critical points which are known as nodes. The

phase trajectories either direct towards such points or radiate out of them. The former

kinds are termed as stable nodes and the latter are termed as unstable nodes. Fig. 3.3

shows phase points which are very similar to nodes, save for the nature of the trajectories

which in this case either spiral in or out of the critical points classified as stable or unstable

spirals respectively. Fig. 3.4 depicts a combination of two different critical points. The

point on the left is called a centre-type critical point. Such points are forbidden to phase

trajectories and the system keeps oscillating around them. The equilibrium points of

conservative simple harmonic oscillators are typical examples of centre-type critical points.

The point shown to the right rests upon a very delicate equilibrium. Depending on the
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Saddle

Centre

Figure 3.4: A centre-type and a saddle point

direction of perturbation, the system might either return to the stable point or fly away

from it. These points are known as saddles due to their metastable nature. The phase

portraits pertaining to the physical systems of our interest display similar combinations

of centre and saddle, as will be shown in the subsequent chapters.

3.2 Derivation of critical point conditions for polytropic ac-

cretion

In this section, we derive the conditions satisfied at the critical points of polytropic flow

with constant height discs (hereafter CH), quasi-spherical or conical discs (hereafter CF)

and discs in vertical hydrostatic equilibrium (hereafter VE). Before delving into the de-

tailed calculations which are quite involved, we would like to break down and summarise

the whole formalism into the following basic steps –

1. We write down the equations for the conserved specific energy (E) and the conserved

mass accretion rate (Ṁ ) pertaining to the specific flow. It may be noted that E
remains the same for CH, CF and VE discs. Disc geometry only influences Ṁ due

to its dependence on the area of cross section through which influx of matter occurs.

2. We differentiate the equations for E and Ṁ with respect to radial distance r, and

solve simultaneously to obtain expressions for the spatial gradients of the advective

velocity u and sound speed cs.

3. Expression for spatial gradient of the advective velocity is of the form du/dr =

N (r, u, cs)/D(r, u, cs). Integrating du/dr with proper initial conditions generates the

corresponding phase space plots. Since velocity and their gradients at specific radial

distances cannot be readily known without actual numerical integration, hence the

initial conditions required for carrying out the integration are fixed using the values

of u, cs and du/dr at the critical points rc given by the critical point conditions.

These conditions are obtained by equating N and D simultaneously to zero. It is a

standard method that has been borrowed from the theory of dynamical systems and

their stability (Jordan and Smith [1999]). Setting the numerator and denominator
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to zero simultaneously ensures a smooth and continuous physical transonic flow. For

multitransonic flows, the continuity is broken at locations of shock. This issue will

be dealt with separately in later chapters.

Now that the formalism for derivation of critical point conditions has been laid, we can

safely proceed towards the corresponding calculations for three different disc geometries

(Barai et al. [2004], Tarafdar et al. [2017], Tarafdar and Das [2018b]).

3.2.1 Discs with constant height

The expression for specific energy (E) is obtained by substituting for the metric elements

in eqn.(2.38) –

E =
γ − 1

γ − (1 + c2s)

√

(r − 2) (r3 + a2(r + 2))

(1− u2) (r4 − λ2 (4a2 + r(r − 2)) + a2r(r + 2))
(3.1)

As mentioned earlier, this expression depends only upon the space-time geometry. It is

independent of the configuration of the disc, and hence remains unaltered for CH, CF and

VE discs. Using eqn.(2.44), the mass accretion rate for an accretion disc with constant

height can be written down as

ṀCH = 4π
√
∆Hρ

√

u2

1− u2
(3.2)

where H is the radius independent constant half thickness of the accretion disc, ρ =
[

c2s(γ−1)
γK(γ−1−c2s)

]
1

γ−1
and ∆ is given by eqn.(2.3). The corresponding entropy accretion rate

may be obtained through the transformation Ξ̇ = Ṁ(Kγ)
1

γ−1 as,

Ξ̇CH = 4π
√
∆H

[

c2s(γ − 1)

γ − 1− c2s

]
1

γ−1
√

u2

1− u2
(3.3)

The idea of ‘entropy accretion rate’ was initially proposed by Abramowicz and Zurek

[1981] and Blaes [1987] in order to calculate the stationary solutions for low angular mo-

mentum non-relativistic transonic accretion under the influence of Paczyński and Wiita

[1980] pseudo-Newtonian potential onto a non-rotating black hole. It is a quasi-constant

multiple of the mass accretion rate. We use the term quasi-constant due to the fact that

although mass accretion rate is a universal constant in the absence of creation or annihila-

tion of matter in the system, but the entropy accretion rate remains constant throughout

the flow only as long as the specific entropy per particle (characterised by the quantity

K = p/ργ) remains locally unchanged. This condition is violated at the location of shock

in case of multi-transonic accretion and Ξ̇ jumps discretely to a higher value as will be

illustrated in later chapters where flow discontinuities have been discussed.

Differentiating eqns.(3.1) and (3.3) w.r.t r and solving simultaneously, the space gradients

of the acoustic and dynamical velocities can be computed as:

dcs
dr

=
NCH

1

DCH
1

(3.4)

du

dr
=

NCH
2

DCH
2

(3.5)
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where NCH
1 = −2u

2(1−u2)
du
dr − f ′

2f , DCH
1 = 2cs

γ−1−c2s
, NCH

2 = u(1 − u2)
[

r−1
∆ c2s − f ′

2f

]

, DCH
2 =

u2 − c2s, f = ∆
B , B = gφφ + 2λgtφ + λ2gtt = (r3 + a2(r + 2) − λ2(r − 2))/r and f ′ denotes

the space derivative of f , i.e., df
dr .

Equating NCH
2 and DCH

2 to zero, the critical point conditions are obtained as,

u2|rc = c2s|rc =
f ′

2f
|rc

∆c

rc − 1
(3.6)

Inserting the critical point conditions in the expression of the conserved specific energy

(eqn.(3.1)), one can solve the corresponding algebraic equation for a specific set of values

of [E , λ, γ, a], to obtain the values of the critical points rc. u and cs at rc can subsequently

be calculated by using eqn.(3.6). The values of du/dr and dcs/dr at the critical points are

also required as initial values for the integration to plot the phase diagrams. This can be

achieved in steps by applying L’Hospital’s rule to eqn.(3.5) and solving for the resultant

quadratic equation in du/dr in terms of rc and the values of u and cs at rc corresponding

to the given accretion parameters. The critical gradient of sound speed can then be com-

puted easily by plugging the derived expression of du/dr at rc. For polytropic CH discs,

the following expressions are obtained –

du

dr
|rc = − βCH

2αCH
± 1

2αCH

√

β2CH − 4αCHΓCH (3.7)

dcs
dr

|rc =
N1

D1
|rc (3.8)

where, the co-efficients αCH , βCH and ΓCH are given by,

αCH = γ−3c2s+1

(c2s−1)2
|rc ,

βCH =
2cs(r−1)(c2s−γ+1)
(c2s−1)(a2+(r−2)r)

|rc ,

ΓCH =
2(c2s−1)(r−1)2

(a2+(r−2)r)2
|rc − c2s−1

a2+(r−2)r
|rc +

c2s(r−1)2(−c2s+γ−1)
(a2+(r−2)r)2

|rc−




















−a2λ4(a2(r+2)+r3)
(a2(r+2)+λ2r)2

+
2a2λ4(r−2)(a2+λ2)(a2(r+2)+r3)

(a2(r+2)+λ2r)3
− a2λ4(r−2)(a2+3r2)

(a2(r+2)+λ2r)2

+
λ4(a2+λ2)(r3−a2(r2−8))

(a2(r+2)+λ2r)2
+

λ4r(2a2−3r)
a2(r+2)+λ2r

− 2a2r + 4aλr + 5r4

r4
(

−
λ4(r−2)(a2(r+2)+r3)

r3(a2(r+2)+λ2r)
+ 2a2

r
+a2− 4aλ

r
+r2

)





















rc

+
4

(

−
a2λ4(r−2)(a2(r+2)+r3)

(a2(r+2)+λ2r)2
−a2r2+

λ4(a2(r2−8)−r3)
a2(r+2)+λ2r

+2aλr2+r5

)

r5
(

−
λ4(r−2)(a2(r+2)+r3)

r3(a2(r+2)+λ2r)
+ 2a2

r
+a2− 4aλ

r
+r2

) |rc+












2
(

2a5λr2(r + 2)2 + 4a3λ3r3(r + 2) + 2a2λ2r3(r + 2)
(

r3 − a2
)

+ λ6(−r)
(

r3 − a2
(

r2 − 8
))

+λ4
(

a4(r − 3)(r + 2)2 − 3a2r4 + r7
)

+ a4r2(r + 2)2
(

r3 − a2
)

+ 2aλ5r4
)2

r2
(

a2(r + 2) + λ2r
)2 (

a4(r + 2)2r2 − 4a3λ(r + 2)r2

+a2(r + 2)
(

r5 + λ2r3 − λ4(r − 2)
)

− 4aλ3r3 + λ2r6 − λ4(r − 2)r3
)2













rc

32



3.2.2 Discs with quasi-spherical geometry

The expressions for mass and entropy accretion rates for quasi-spherical flow (CF) are

given by,

ṀCF = 4π
√
∆Λrρ

√

u2

1− u2
(3.9)

and

Ξ̇CF = 4π
√
∆Λr

[

c2s(γ − 1)

γ − 1− c2s

]
1

γ−1
√

u2

1− u2
, (3.10)

where Λ is the solid angle subtended by the accretion disc at the horizon. Differentiating

eqns.(3.1) and (3.10) w.r.t r, the space gradients of sound speed and flow velocity are

obtained as,

dcs
dr

=
NCF

1

DCF
1

(3.11)

and
du

dr
=

NCF
2

DCF
2

, (3.12)

where NCF
1 = NCH

1 , DCF
1 = DCH

1 , NCF
2 = u(1−u2)

[

2r2−3r+a2

∆r c2s − f ′

2f

]

and DCF
2 = DCF

1 .

Hence, the corresponding critical point condition comes out to be

u2|rc = c2s|rc =
f ′

2f
|rc

∆crc
2r2c − 3rc + a2

(3.13)

Substituting the critical point conditions in the expression of the conserved specific energy,

one can solve the corresponding algebraic equation for a specific set of values of [E , λ, γ, a],
to obtain the values of the critical points rc.

Using techniques discussed in the previous subsection, expressions for the velocity gradi-

ents at critical points may be obtained as,

du

dr
|rc = − βCF

2αCF
± 1

2αCF

√

β2CF − 4αCFΓCF (3.14)

dcs
dr

|rc =
NCF

1

DCF
1

|rc (3.15)

where, the co-efficients αCF , βCF and ΓCF are given by,

αCF = αCH ,

βCF =
2cs(a2+r(2r−3))(c2s−γ+1)

(c2s−1)r(a2+(r−2)r) |rc ,

ΓCF = − c2s−1
a2+(r−2)r

|rc +
2(c2s−1)(r−1)2

(a2+(r−2)r)2
|rc + c2s

r2
|rc +

c2s(r−1)(a2+r(2r−3))(c2s−γ+1)
(c2s−1)r(a2+(r−2)r)2

|rc
+

c2s(−c2s+γ−1)
r2 |rc +

c2s(r−1)(−c2s+γ−1)
r(a2+(r−2)r) |rc +

c4s(r−1)(a2+r(2r−3))(−c2s+γ−1)
(c2s−1)r(a2+(r−2)r)2

|rc

−





















−a2λ4(a2(r+2)+r3)
(a2(r+2)+λ2r)2

+
2a2λ4(r−2)(a2+λ2)(a2(r+2)+r3)

(a2(r+2)+λ2r)3
− a2λ4(r−2)(a2+3r2)

(a2(r+2)+λ2r)2

+
λ4(a2+λ2)(r3−a2(r2−8))

(a2(r+2)+λ2r)2
+

λ4r(2a2−3r)
a2(r+2)+λ2r − 2a2r + 4aλr + 5r4

r4
(

−
λ4(r−2)(a2(r+2)+r3)

r3(a2(r+2)+λ2r)
+ 2a2

r
+a2− 4aλ

r
+r2

)





















rc
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+
4

(

−
a2λ4(r−2)(a2(r+2)+r3)

(a2(r+2)+λ2r)2
−a2r2+

λ4(a2(r2−8)−r3)
a2(r+2)+λ2r

+2aλr2+r5

)

r5
(

−
λ4(r−2)(a2(r+2)+r3)

r3(a2(r+2)+λ2r)
+ 2a2

r
+a2− 4aλ

r
+r2

) |rc

+













2
(

2a5λr2(r + 2)2 + 4a3λ3r3(r + 2) + 2a2λ2r3(r + 2)
(

r3 − a2
)

+ λ6(−r)
(

r3 − a2
(

r2 − 8
))

+λ4
(

a4(r − 3)(r + 2)2 − 3a2r4 + r7
)

+ a4r2(r + 2)2
(

r3 − a2
)

+ 2aλ5r4
)2

r2
(

a2(r + 2) + λ2r
)2 (

a4(r + 2)2r2 − 4a3λ(r + 2)r2

+a2(r + 2)
(

r5 + λ2r3 − λ4(r − 2)
)

− 4aλ3r3 + λ2r6 − λ4(r − 2)r3
)2













rc

.

3.2.3 Flow in hydrostatic equilibrium along the vertical direction

The mass accretion rate for flows in hydrostatic equilibrium in the vertical direction is

given by,

ṀV E = 4π
√
∆H(r)ρ

√

u2

1− u2
(3.16)

The disc height (eqn.(2.49)) derived in section 2.7 can be written as,

H(r) =

√

2

γ
r2
[

c2s(γ − 1)

(γ − 1− c2s)F

]
1
2

(3.17)

where F = λ2v2t − a2(vt − 1).

The corresponding entropy accretion rate is obtained as,

Ξ̇V E = 4πur2
[

c2s(γ − 1)

γ − 1− c2s

]

γ+1
2(γ−1)

[

2∆

γ(1− u2)F

]
1
2

(3.18)

Differentiating eqns.(3.1) and (3.18) w.r.t r, space gradients of cs and u can be derived as,

dcs
dr

=
N V E

1

DV E
1

(3.19)

du

dr
=

N V E
2

DV E
2

(3.20)

where,

N V E
1 = (2λ2ut−a2)ut

2F

[

u
1−u2

du
dr + P1

2

]

− 1
u(1−u2)

du
dr − ∆′

2∆ − 2
r ,

DV E
1 = γ+1

cs(γ−1−c2s)
,

N V E
2 = 2c2s

γ+1

(

−P1vt(2λ2vt−a2)
4F + ∆′

2∆ + 2
r

)

− P1
2 ,

DV E
2 = u

1−u2 − 2c2s
γ+1

1
(1−u2)u

(

1− u2vt(2λ2vt−a2)
2F

)

,

P1 = ∆′

∆ + dΩ
dr

λ
1−Ωλ − g′φφ+λg′tφ

gφφ+λgtφ
=

2r(a4+2a2(r−2)r+r4)−2λ2(4a4+a2r(8r−13)+(r−2)2r2)
r(a2+(r−2)r)(−λ2(4a2+(r−2)r)+a2(r+2)r+r4)

.

This provides the corresponding critical conditions as,

u2|rc =
P1

∆′

∆ + 4
r

|rc (3.21)

c2s|rc =
(γ + 1)

(

2Fu2
)

2 (2F − u2vt (2λ2vt − a2))
|rc (3.22)
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The corresponding velocity gradients at critical points are derived as,

du

dr
|rc = − βV E

2αV E
± 1

2αV E

√

β2V E − 4αV EΓV E (3.23)

dcs
dr

|rc =
N V E

1

DV E
1

|rc . (3.24)

The co-efficients αV E, βV E and ΓV E are given by,

αV E = 1+u2

(1−u2)2
− 2nD2D6

2n+1 , βV E = 2nD2D7
2n+1 + τ4, ΓV E = −τ3,

where,

n = 1
γ−1 , D2 =

c2s
u(1−u2)

(1−D3), D6 =
3u2−1
u(1−u2)

− D5
1−D3

− (1−nc2s)u
nc2s(1−u2)

,

D7 =
1−nc2s
nc2s

P1
2 + D3D4vtP1

2(1−D3)
, τ3 =

2n
2n+1

(

c2sτ2 − vtP1v1
2nvt

(

1− nc2s
)

− c2sv5vt
P1
2

)

− P1′

2 ,

τ4 =
2n

2n+1
vtu
1−u2

(

v1
nvt

(

1− nc2s
)

+ c2sv5

)

, v1 =
∆′

2∆ + 2
r −

(

2λ2vt − a2
)

vt
P1
4F ,

D3 =
u2vt(2λ2vt−a2)

2F , D4 = 1
vt

+ 2λ2

2λ2vt−a2
− 2λ2vt−a2

F , D5 = D3

(

2
u + D4vtu

1−u2

)

, τ2 = τ1 −
vt(2λ2vt−a2)

4F P1′, v5 =
(

2λ2vt − a2
)

P1
4F v4,

τ1 =
1
2

(

∆′′

∆ − (∆′)2

∆2

)

− 2
r2
, v4 =

v3
(2λ2vt−a2)F

, v3 =
(

4λ2vt − a2
)

F −
(

2λ2vt − a2
)2
vt.

Note that u2 6= c2s at the critical points. Hence, the critical points and the sonic points

(transonic radius where u = cs) do not appear to be isomorphic for discs in vertical hydro-

static equilibrium. The issue of locating sonic points may be resolved in two different ways:

a) The time-dependent Euler equation and the continuity equation can be linearly per-

turbed to find out the corresponding wave equation which describes the propagation of

the acoustic perturbation through the background fluid space-time. The speed of prop-

agation of such perturbation can be taken as the effective adiabatic sound speed. The

critical points become the sonic points for such effective acoustic velocity. This treatment

requires dealing with time-dependent perturbation techniques, which is beyond the scope

of this present work. For related calculations, one may refer to Bollimpalli et al. [2017],

where such techniques have been applied for accretion in the Schwarzschild metric.

b) The solutions for stationary trajectories in phase-space may be obtained through nu-

merical integration of the spatial gradients of flow velocities starting from the critical

points, to figure out the radial distance where the Mach number becomes equal to unity,

i.e. the corresponding sonic point. We shall follow this approach in our present work.

Determining the locations of transonicity is crucial to our work, and its importance shall

be evident when we discuss the relevance of acoustic horizons in the context of analogue

gravity in later chapters.

3.2.4 Parameter space for polytropic accretion - Comparative analysis

for different disc geometries

As already mentioned, substituting the critical point conditions in eqn.(3.1) for a given set

of the accretion parameters, viz. specific energy E , specific angular momentum λ, ratio of

specific heats γ and black hole spin parameter a, we numerically solve the resultant alge-

braic equation for the critical points rc. It is important to note that with the exceptions
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of a few very special cases, the algebraic equations are of highly non-linear nature and

hence, cannot be solved analytically.

E is scaled by the rest mass energy and is inclusive of the rest mass energy. Thus, E
signifies a flow which has no thermal energy at infinity. Such an initial boundary condi-

tion is unphysical for the generation of acoustic perturbation. Setting E < 1 would also

lead to a configuration with a negative energy initial state that would need a physical

mechanism for dissipative extraction of energy in order to get a solution consisting of

positive energy states. Presence of such dissipation cannot fit in the inviscid flow model

considered for our work. Now, almost all solutions with E > 1 are permissible in theory.

However, E > 2 would signify extremely large initial values of the thermal energy of the

fluid which is not a common trait for accreting black hole systems. Therefore, 1 < E < 2

should be a reasonable choice of range in the present model. λ = 0 signifies a spherically

symmetric configuration, whereas λ > 4 (for G =M = c = 1 scaling) corresponds to flows

beyond the Keplerian regime where multi- criticalbehaviour does not show up in general.

Therefore, in our work we shall consider the physical range of λ to be 0 < λ ≤ 4. For

isothermal accretion, the polytropic index γ = 1. Now, whereas γ < 1 is not a realistic

value in accretion astrophysics, γ > 2 would signify super-dense matter with considerably

large magnetic field in addition to a direction dependent anisotropic pressure. Since we

are not dealing with general relativistic magneto- hydrodynamic equations in the present

context, hence our choice of values for γ shall be constrained as 1 < γ < 2. Moreover,

throughout black hole accretion literature, the realistic bounds for the polytropic index

are γ = 4/3 (for ultra- relativistic flows) and γ = 5/3 (for purely non- relativistic flows)

(Refer Frank et al. [1992] for further references). Hence we shall fix the range for γ as

4/3 ≤ γ ≤ 5/3. The range for a spans all possible values between the values of Kerr param-

eters corresponding to maximally rotating black holes for the prograde and the retrograde

flows. In this context, it is important to mention that prograde flows are those rotating

in the same direction as the black hole, whereas retrograde flows are those rotating in

the opposite direction of the black hole. And in order to distinguish between the two, we

shall alter the sign of a, maintaining λ to be always positive, which is a standard practice

in black hole accretion theory. Hence the obvious choice for a would be −1 ≤ a ≤ 1.

Although an upper limit for a has been set to 0.998 in some works (Thorne [1974]) by

considering the influence of the interaction of the accreting material with the accretor on

the evolution of mass and spin of the black hole. However, in our work, we shall not

consider such interactions. Hence, the astrophysical limits of the flow parameters shall be

given by
[

1 < E < 2, 0 < λ ≤ 4, 43 ≤ γ ≤ 5
3 ,−1 ≤ a ≤ 1

]

(Das et al. [2015]).

For polytropic accretion in the Schwarzschild and Kerr metrics, the parameter space is

three and four dimensional respectively. For convenience, we deal with a two dimensional

parameter space in both cases. 4C2 and 3C2 such spaces may be obtained respectively for

Schwarzschild and Kerr space-times. In the present context, we concentrate on the [E − λ]

parameter space for fixed values of [γ, a].

Figure 3.5 shows the [E − λ] parameter space for polytropic accretion in quasi- spher-

ical disc geometry for [γ = 1.35, a = 0.1]. Similar diagrams can be generated for the two

other geometries as well. A1A2A3A4 represents the region of [E , λ] for which the corre-

sponding polynomial equation in rc along with the corresponding critical point conditions
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Figure 3.5: E-λ plot for quasi-spherical disc geometry (γ = 1.35 and a = 0.1)

provides three real positive roots lying outside r+, where r+ = 1 +
√
1− a2, a being the

Kerr parameter. Values of rc inside the region A1A2A3 are characterised by the condition

Ξ̇inner > Ξ̇outer and represent multi-critical accretion solutions.

Region A1A3A4 represents a subset of [E , λ, γ, a]mc (where ‘mc’ stands for ‘multi-critical’)

for which Ξ̇inner < Ξ̇outer. This condition represents the wind or outflow solutions. The

boundary A1A3 between these two regions represents the value of [E , λ, γ, a] for which

multi-critical accretion is characterized by Ξ̇inner = Ξ̇outer. In such caes, the transonic so-

lutions passing through the inner and the outer critical points are completely degenerate,

leading to the formation of a heteroclinic orbit1 on the phase portrait. Such flow patterns

may be subject to turbulence and various other forms of instabilities.

The region A3A5A6 (shaded in green), is a subspace of A1A2A3 which allows shock forma-

tion. For the time being, this is being mentioned for the sake of a comprehensive picture

of a complete generic parameter space diagram. The analytical techniques required for

computing this region will be discussed later in chapter 5. It has been already mentioned

that multi-transonic flows must encounter shocks to be brought down discontinuously

from supersonic to subsonic regimes. This is essential for the second transonicity to occur.

Hence it is this subspace, which represents real physical multi-transonic accretion, where

the stationary transonic solutions passing through the outer sonic point join the stationary

transonic solutions constructed through the inner sonic point through discontinuous en-

ergy preserving shocks of Rankine-Hugoniot type. Such shocked multi-transonic solutions

contain two smooth transonic transitions (from sub- to super-) at two regular sonic points

(of saddle type) and a discontinuous transition (from super- to sub-) at the shock location.

Figure 3.5 contains a lot of information about the specific flow. However in order to

compare various flow related variables corresponding to different disc geometries, first of

all, it is required to spot the common range of parameters over which all the disc geome-

1Heteroclinic orbits are the trajectories defined on a phase portrait which connects two different saddle

type critical points. Integral solution configuration on phase portrait characterized by heteroclinic orbits

are topologically unstable (Jordan and Smith [1999], Strogatz [2001]).
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tries have multitransonic accretion solutions. While comparing flow profiles, we will be

required to choose values of accretion parameters from such specific regions of overlap,

failing which, a comparision will be physically meaningless.
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Figure 3.6: Comparision of E-λ plot for three different flow geometries (γ = 1.35 and a = 0.1). Constant height disc,

quasi-spherical flow and flow in vertical hydrostatic equilibrium represented by blue dashed lines, green dotted lines

and red solid lines respectively. Shaded region in the inset depicts [E, λ] space overlap with multicritical solutions

for all three models.

In figure 3.6, for the same values of [γ, a] as in figure 3.5, we compare the parameter

spaces for three different flow geometries. The common region for which multiple critical

points are formed for all three flow geometries are shown in the inset. It is observed

that the window of overlapping parameters available is extremely small. After scanning

over different combinations of the accretion parameters, we could find that the overlap is

maximum for non-rotating black holes, and it continues to decrease with increasing values

of the black hole spin. In particular, with increasing values of a, the multi-transonic

solutions shift towards lower values of the specific flow angular momentum λ and higher

values of the specific energy E . The apparent correlation between angular momentum

of the flow and spin parameter of the central gravitating black hole in this context is

particularly interesting. We shall try to investigate this correlation and understand its

implications in chapter 5 where the analytics of flow discontinuities are discussed in detail.

3.3 Derivation of critical conditions for isothermal accretion

Isothermal equations of state and the integral solutions of the corresponding relativistic

Euler and continuity equations were presented in sections 2.5 and 2.6 of the previous chap-

ter. The isothermal parameter space is smaller due to a constant value of the polytropic

index (γ = 1). The expression for conserved specific energy derived in the case of poly-

tropic accretion is replaced by constant temperature for isothermal flows. Comparision

of the isothermal equation of state with the Clapeyron equation (eqn.(2.35)) implies a

constant value of the sound speed once temperature of the flow is fixed.

One might argue that the critical point conditions and all other relevant equations for

the isothermal case can be readily obtained by substituting γ = 1 in the previous results.

However the logic is misleading as the effects of an entirely different thermodynamics in-

fluence the basic levels of the formulation. Concepts such as specific enthalpy and specific
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energy are not defined in the isothermal regime. It is a separate physics altogether. After

doing the calculations, although comparisons might suggest a match upon substitution of

γ with a constant for some results, but most of the results are found to be different. This

motivates us further to study the isothermal cases separately, and as will be seen in the

later chapters, it leads to some important findings.

3.3.1 Discs with constant height

The mass accretion rate is given by,

Ṁ iso
CH = 4π

√
∆Hρ

√

u2

1− u2
(3.25)

where, H is the constant half thickness of the disc and ρ is substituted in terms of the

constant quasi-specific energy ξ derived in eqn.2.42 as,

ρ = (ξv−2
t )

1

2c2s (3.26)

Defining Ξ̇iso
CH = Ṁ iso

CHξ
− 1

2c2s as a constant multiple of the mass accretion rate, we

obtain,

Ξ̇iso
CH = 4π

√
∆Hv

− 1

c2s
t

√

u2

1− u2
(3.27)

Substituting for vt from eqn.(2.16) and differentiating Ξ̇iso
CH w.r.t r, the radial gradient

of the advective velocity is derived as,

du

dr
|CH =

1−c2s
2c2s

∆′

∆ − 1
2c2s

B′

B

1
u − u

1−u2
1−c2s
c2s

=
N iso

CH

Diso
CH

(3.28)

where ∆ and B are entirely functions of r and have their usual meanings. Note that

since dcs/dr = 0, we need to differentiate just a single expression to obtain the flow ve-

locity gradient. Isothermal flows have less number of varying parameters to worry about

and hence the calculations are way simpler than their polytropic counterparts.

Equating N iso
CH and Diso

CH to zero simultaneously, the critical point conditions are obtained

as,

u2c |CH = cs
2
c |CH = 1− B′

B

∆

∆′
(3.29)

The idea to solve for rc in the isothermal case, is to substitute the critical point

conditions in the isothermal Clapeyron equation (eqn. (2.35)) and then solve the resulting

equation in rc for given values of flow temperature T . The rc equation for CH is therefore

given by,

c2s =
κBT

µmH
= 1− B′

B

∆

∆′
(3.30)

Velocity gradient at critical points are obtained by applying l’Hospital’s rule to eqn.(3.28)

and solving for the resulting quadratic equation in du/dr,

(

du

dr

)

c

|isoCH = −
√

βisoCH

Γiso
CH

(3.31)
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where,

Γiso
CH = 2

cs2c(1−cs2c)
,

βisoCH = β
(1)
CH + β

(2)
CH + β

(3)
CH − β

(4)
CH − β

(5)
CH ,

β
(1)
CH = 2(1−cs2c)(1−rc)2

cs2c(cs
2
c+rc(rc−2))2 ,

β
(2)
CH = cs2c−1

cs2c(cs
2
c+rc(rc−2)) ,

β
(3)
CH =

β
(31)
CH

r4ccs
2
c(cs

2
c+

2cs
2
c

rc
+r2c−

4cscλ
rc

−
(rc−2)(r3c+cs

2
c(rc+2))λ4

r3c (cs
2
c(rc+2)+rcλ2)

)
,

β
(31)
CH = −2cs

2
crc + 5r4c + 4cscrcλ

+2cs2c(rc−2)(r3c+cs2c(rc+2))λ4(cs2c+λ2)
(cs2c(rc+2)+rcλ2)3 − cs2c(rc−2)(cs2c+3r2c )λ

4

(cs2c(rc+2)+rcλ2)2 − cs2c(r
3
c+cs2c(rc+2))λ4

(cs2c(rc+2)+rcλ2)2

+ (r3c−cs2c(r
2
c−8))λ4(cs2c+λ2)

(cs2c(rc+2)+rcλ2)2 + (2cs2c−3rc)rcλ4

cs2c(rc+2)+rcλ2 ,

β
(4)
CH =

4(−cs2cr
2
c+r5c+2cscr

2
cλ−

cs
2
c(rc−2)(r3c+cs

2
c(rc+2))λ4

(cs
2
c(rc+2)+rcλ2)2

+
(−r3c+cs

2
c(r

2
c−8))λ4

cs
2
c(rc+2)+rcλ2

)

cs2cr
5
c (cs

2
c+

2cs
2
c

rc
+r2c−

4cscλ
rc

−
(rc−2)(r3c+cs

2
c(rc+2))λ4

r3c (cs
2
c(rc+2)+rcλ2)

)
,

β
(5)
CH =

β
(51)
CH

β
(52)
CH

,

β
(51)
CH = 2

[

−cs6cr2c (rc + 2)2 + 2cscr
4
cλ

5 + 2cs
5
cr

2
c (rc + 2)2λ

+4cs
3
cr

3
c (rc + 2)λ3 + r4cλ

4(r3c − λ2)

+cs
2
crcλ

2(4r5c + 2r6c − 3r3cλ
2 − 8λ4 + r2cλ

4)

+cs
4
c(rc + 2)(2r5c + r6c − 2r3cλ

2 − 6λ4 − rcλ
4 + r2cλ

4)
]2
,

β
(52)
CH =

[

cs
2
cr

2
c (cs

2
c(rc + 2) + rcλ

2)2
]

[

cs
4
cr

2
c (rc + 2)2 − 4cs

3
cr

2
c (rc + 2)λ− 4cscr

3
cλ

3

+r3cλ
2(r3c − (rc − 2)λ2) + cs

2
c(rc + 2)(r5c + r3cλ

2 − (rc − 2)λ4)
]2
.

3.3.2 Discs with quasi-spherical geometry

The mass accretion rate is given by,

Ṁ iso
CF = 4π

√
∆Λrρ

√

u2

1− u2
(3.32)

where Λ is the solid angle subtended by the disc at the event horizon. Substituting for

ρ = (ξv−2
t )

1

2c2s , we obtain,

Ξ̇iso
CF = 4π

√
∆Λrv

− 1

c2s
t

√

u2

1− u2
(3.33)

Substituting for vt and differentiating eqn.(3.33) w.r.t r, the radial gradient of advective

velocity is given by,

du

dr
|isoCF =

1−c2s
2c2s

∆′

∆ − 1
2c2s

B′

B − 1
r

1
u − u

1−u2
1−c2s
c2s

=
N iso

CF

Diso
CF

(3.34)

EquatingN iso
CF andDiso

CF simultaneously to zero, the critical point conditions are derived

as,

u2c |isoCF = cs
2
c |isoCF =

∆′

∆ − B′

B
2
r +

∆′

∆

(3.35)

Solving the equation

kBT

µmH
=

∆′

∆ − B′

B
2
r +

∆′

∆

(3.36)
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for specific values of the flow temperature T , we obtain the values of the corresponding

critical points rc.

Finally, applying l’Hospital’s rule to eqn.(3.34), the expression for velocity gradient at

critical points is obtained as,

(

du

dr

)

c

|isoCF = −
√

βisoCF

Γiso
CF

(3.37)

where,

Γiso
CF = 2

cs2c(1−cs2c)
,

βisoCF = β
(0)
CF + β

(1)
CF + β

(2)
CF + β

(3)
CF − β

(4)
CF − β

(5)
CF ,

β
(0)
CF = − 1

r2c
,

β
(1)
CF = 2(1−cs2c)(1−rc)2

cs2c(cs
2
c+rc(rc−2))2

,

β
(2)
CF = cs2c−1

cs2c(cs
2
c+rc(rc−2))

,

β
(3)
CF =

β
(31)
CF

r4ccs
2
c(cs

2
c+

2cs
2
c

rc
+r2c−

4cscλ
rc

−
(rc−2)(r3c+cs

2
c(rc+2))λ4

r3c (cs
2
c(rc+2)+rcλ2)

)
,

β
(31)
CF = −2cs

2
crc + 5r4c + 4cscrcλ

+2cs2c(rc−2)(r3c+cs2c(rc+2))λ4(cs2c+λ2)
(cs2c(rc+2)+rcλ2)3

− cs2c(rc−2)(cs2c+3r2c )λ
4

(cs2c(rc+2)+rcλ2)2
− cs2c(r

3
c+cs2c(rc+2))λ4

(cs2c(rc+2)+rcλ2)2

+ (r3c−cs2c(r
2
c−8))λ4(cs2c+λ2)

(cs2c(rc+2)+rcλ2)2
+ (2cs2c−3rc)rcλ4

cs2c(rc+2)+rcλ2 ,

β
(4)
CF =

4(−cs2cr
2
c+r5c+2cscr

2
cλ−

cs
2
c(rc−2)(r3c+cs

2
c(rc+2))λ4

(cs
2
c(rc+2)+rcλ2)2

+
(−r3c+cs

2
c(r

2
c−8))λ4

cs
2
c(rc+2)+rcλ2

)

cs2cr
5
c (cs

2
c+

2cs
2
c

rc
+r2c−

4cscλ
rc

−
(rc−2)(r3c+cs

2
c(rc+2))λ4

r3c (cs
2
c(rc+2)+rcλ2)

)
,

β
(5)
CF =

β
(51)
CF

β
(52)
CF

,

β
(51)
CF = 2

[

−cs6cr2c (rc + 2)2 + 2cscr
4
cλ

5 + 2cs
5
cr

2
c (rc + 2)2λ

+4cs
3
cr

3
c (rc + 2)λ3 + r4cλ

4(r3c − λ2)

+cs
2
crcλ

2(4r5c + 2r6c − 3r3cλ
2 − 8λ4 + r2cλ

4)

+cs
4
c(rc + 2)(2r5c + r6c − 2r3cλ

2 − 6λ4 − rcλ
4 + r2cλ

4)
]2
,

β
(52)
CF =

[

cs
2
cr

2
c (cs

2
c(rc + 2) + rcλ

2)2
]

[

cs
4
cr

2
c (rc + 2)2 − 4cs

3
cr

2
c (rc + 2)λ− 4cscr

3
cλ

3 + r3cλ
2(r3c − (rc − 2)λ2)

+cs
2
c(rc + 2)(r5c + r3cλ

2 − (rc − 2)λ4)
]2

The flow profile is then obtained by integrating the velocity gradient using critical

point conditions and values of velocity gradients evaluated at the critical points.

3.3.3 Flow in vertical hydrostatic equilibrium

Tha mass accretion rate is given by,

Ṁ iso
V E = 4π

√
∆H(r)ρ

√

u2

1− u2
(3.38)

where the half thickness H(r) is given by eqn.(2.50). Substituting for ρ = (ξv−2
t )

1

2c2s ,

Ξ̇iso
V E = 4πv

− 1

c2s
t

√

2c2sr
4∆u2

(1− u2)(λ2v2t − a2(vt − 1))
(3.39)
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Differentiating eqn.(3.39) w.r.t. r, the radial gradient of advective velocity is derived

as,

du

dr
|isoV E =

c2s(
∆′

2∆ + 2
r − (2λ2vt − a2)vtP1

4F )− P1
2

u
1−u2 − c2s

u(1−u2)(1− (2λ2vt − a2)u
2vt
2F )

=
N iso

V E

Diso
V E

(3.40)

where ∆, P1 and F have their usual meanings. Equating N iso
V E and Diso

V E to zero, the

critical point conditions are calculated as,

u2c |isoV E =
P1

∆′

∆ + 4
r

(3.41)

cs
2
c |isoV E =

2Fu2c
2F − u2cvt(2λ

2vt − a2)
=

kBT

µmH
(3.42)

Substituting eqn.(3.41) in eqn.(3.42), and solving for r given a specific set of [T, λ, a],

we get the values of the corresponding critical points rc. Then, applying l’Hospital’s rule

to eqn.(3.40) and solving the resulting quadratic equation in du/dr, the critical gradient

of flow velocity is obtained to be,

(

du

dr

)

c

|isoV E = − βisoV E

2αiso
V E

± 1

2αiso
V E

√

βisoV E
2 − 4αiso

V EΓ
iso
V E (3.43)

where,

αiso
V E = 1+u2

c

(1−u2
c)

2 −D2D6, β
iso
V E = D2D7 + τ4, Γ

iso
V E = −τ3,

D2 =
c2s

u(1−u2)
(1−D3), D6 =

3u2−1
u(1−u2)

− D5
1−D3

,

D7 =
D3D4vtP1
2(1−D3)

, τ3 =
(

c2sτ2 − c2sv5vt
P1
2

)

− P1′

2 ,

τ4 =
c2sv5vtu
1−u2 , v1 =

∆′

2∆ + 2
r −

(

2λ2vt − a2
)

vt
P1
4F ,

D3 =
u2vt(2λ2vt−a2)

2F , D4 = 1
vt

+ 2λ2

2λ2vt−a2
− 2λ2vt−a2

F , D5 = D3

(

2
u + D4vtu

1−u2

)

, τ2 = τ1 −
vt(2λ2vt−a2)

4F P1′, v5 =
(

2λ2vt − a2
)

P1
4F v4,

τ1 =
1
2

(

∆′′

∆ − (∆′)2

∆2

)

− 2
r2
, v4 =

v3
(2λ2vt−a2)F

, v3 =
(

4λ2vt − a2
)

F −
(

2λ2vt − a2
)2
vt.

Thus it is observed that even in the isothermal case, critical and sonic points do not

overlap for discs in vertical hydrostatic equilibrium. Hence the sonic points are required

to be obtained by numerically integrating eqn.(3.40), using eqn.(3.41) and eqn.(3.43) to

calculate the initial conditions at the respective critical points.

3.3.4 Parameter Space for Isothermal Accretion

The isothermal parameter space is two and three dimensional in the case of Schwarzschild

and Kerr metrics respectively. For visual convenience, we shall deal only with two-

dimensional projections of the parameter space. Hence, isothermal flow around a non-

rotating black hole will be characterised by a single parameter space diagram, i.e. [T, λ],

and that around a rotating black hole will have three such possible combinations (3C2),

i.e. [T, λ], [λ, a] and [a, T ]. The astrophysically significant limits for two of the parameters

governing the flow are given by [0 < λ < 4,−1 < a < 1]. For the time being, we concen-

trate on [T, λ] parameter space for a fixed value of a. A general [T, λ] diagram for a given

accretion disc geometry would look similar to the generic diagram for polytopic accretion

shown in fig.3.5. So we are rather interested in comparing the parameter space diagrams
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Figure 3.7: Comparision of T -λ plot for three different flow geometries (a = 0.1, T in Kelvin). Constant height disc,

quasi-spherical flow and flow in vertical hydrostatic equilibrium represented by blue dashed lines, green dotted lines

and red solid lines respectively. The shaded region allows for multicritical solution in all flow configurations.

for the three different flow geometries, in order to find a common region of overlap.

In figure 3.7, for a = 0.1, we compare the parameter spaces for three different flow

geometries. The common domain for which multiple critical points are formed for all

three flow geometries is depicted in the shaded region. The region of overlap, in contrast

to figure 3.6, is found to be greater for isothermal flows. We have also observed once

again, that increasing the value of a leads to multicritical accretion at lower values of λ

and even higher values of T . As mentioned previously, the apparent correlation between

black hole spin and the flow angular momentum in the context of multi-transonic accretion

is interesting, and will be studied in detail, in the subsequent chapters.
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Chapter 4

Classification of Critical Points

Summary

X Outline of the scheme

X Defining an eigenvalue-based class indicator – Ω2

X Derivation of Ω2 for all flow configurations

X Bifurcation diagrams – A comparative analysis for different flows

Transonic accretion may possess one or more critical points, depending on the set of

flow parameters defined by the values of [E , λ, γ, a] (for polytropic flow) or [T, λ, a] (for

isothermal flow). As mentioned in section 3.1, the phase portraits corresponding to the

physical system under investigation exhibit saddle-type points (for mono-transonic flows)

and specifically ordered combinations of saddles and centres (for multi- transonic flows).

The nature of a critical point could not be determined analytically so far. The exact

phase trajectories through that point had to be constructed by numerical integration of

the expressions for velocity gradients using the critical point conditions as initial values.

A classification scheme was developed by Goswami et al. [2007] to accomplish such a

task. The scheme has been borrowed from the theory of dynamical systems and can

be immediately recognised by those who are familiar with the theory. In problems of

general fluid dynamics – all of which are almost essentially non-linear – this approach for

the linear stability analysis of fixed points is quite common (Bohr et al. [1993]). In the

context of accretion studies (which, in its essence, is the study of a compressible fluid

flow), this method has been effectively adopted before (Ray and Bhattacharjee [2002],

Afshordi and Paczyński [2003], Chaudhury et al. [2006], Mandal et al. [2007]). Some

earlier works in accretion had also made use of the general mathematical aspects of this

approach (Matsumoto et al. [1984], Muchotrzeb and Czerny [1986], Abramowicz and Kato

[1989]). The application of such techniques to our astrophysical model may lead to new

perspectives and insights. Classification of critical points using this method for accretion

around non-rotating black holes has been studied by Iram [2015]. We have tried to apply

this analytical machinery to comprehend the critical behaviour of our solutions in terms of
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bifurcation diagrams and to do an exhaustive study of various flow configurations around

a rotating black hole (Tarafdar et al. [2017]). The formalism has been elaborated in the

following section.

4.1 The general scheme

Once the location of a critical point is identified, a linearized study of the space gradients

of the square of the advective velocities in the close neighbourhood of such a point may

be carried out to develop a complete and rigorous mathematical scheme to understand

whether a critical point is of saddle or centre type. Exact expressions will depend on the

corresponding flow geometry and the equations of state.

Gradient of the square of advective velocity may be written as,

du2

dr
= f(r, u2, c2s) (4.1)

Parametrizing eqn.(4.1) with some variable τ , we obtain

du2

dτ
= f1(r, u

2, c2s) (4.2)

dr

dτ
= f2(r, u

2, c2s). (4.3)

τ , which is a mathematical parameter, does not appear on the right hand sides of the

equations. Therefore eqn.(4.2) and eqn.(4.3) represent our system as a set of first-order

autonomous differential equations. Given that rc is a critical point, and uc and csc are the

corresponding advective and acoustic velocities at rc respectively, we introduce arbitrarily

small perturbations in r, u and cs around their critical values,

r = rc + δr, (4.4)

u2 = u2c + δu2, (4.5)

c2s = c2sc + δc2s . (4.6)

At first we substitute eqn.(4.4), eqn.(4.5) and eqn.(4.6) in eqn.(4.2) and eqn.(4.3). Then

using the critical point conditions and retaining only linear terms in δu2 and δr, we obtain

the following linearized forms,

d

dτ
(δu2) = Aδu2 + Bδr, (4.7)

d

dτ
(δr) = Cδu2 +Dδr. (4.8)

Eqn.(4.7) and eqn.(4.8) can be written together in matrix notation as

d

dτ
y = Ay, (4.9)

where y =

(

δu2

δr

)

and A =

(

A B
C D

)

.

Using trial solutions of the form exp(Ωτ), where Ω are the eigenvalues calculated by solving
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the characteristic equation of the co-efficient matrix A (Ω, in this context, should not be

confused with angular velocity of the flow in eqn.(2.15)), the product of the eigenvalues of

the system can be written as

Ω1Ω2 = AD − BC. (4.10)

Then we define a quantity

Ω2 = −Ω1Ω2, (4.11)

which is an exclusive function of rc, u
2
c and c2sc . Since critical points and critical velocities

are already known to us from previous calculations, the numerical value of Ω2 can be

calculated easily. One can readily infer from the theory of linear stability analysis that

Ω2 > 0 would correspond to a saddle-type critical point, and Ω2 < 0 would correspond to

a centre-type critical point.

This is an elegant method for the qualitative visualisation of the dependence of transonic-

ity on accretion parameters. Graphs depicting the variation of Ω2 with the parameters

provide not only a visual representation of mono- critical to multi-critical transitions (bi-

furcation diagrams), but also give information regarding the nature of the respective fixed

points. However, global understanding of the flow topology can only be achieved from the

stationary integral solutions required to be obtained numerically.

Thus, stationary axisymmetric accretion in the Kerr metric can be described by a set

of first order autonomous differential equations. Application of the above formalism to

the system of equations reveals the nature of the critical points. Details of such analysis

for various flow configurations have been presented in the following sections.

4.2 Polytropic flow

4.2.1 Discs with constant height

Using eqn.(3.4) and eqn.(3.5), the gradients of square of the sound speed and advective

velocity can be written as,

dc2s
dr

= (γ − 1− c2s)

[ −1

2(1 − u2)

du2

dr
− f ′

2f

]

(4.12)

du2

dr
=

2
[

r−1
∆ c2s − f ′

2f

]

1
u2

(

1
1−u2

)

(u2 − c2s)
(4.13)

The expression for du2

dr can be decomposed into two parameterized equations –

du2

dτ
= 2

[

r − 1

∆
c2s −

f ′

2f

]

(4.14)

dr

dτ
=

1

u2

(

1

1− u2

)

(u2 − c2s). (4.15)

τ does not explicitly appear on the right hand sides and hence, the above equations

represent a first-order autonomous set of differential equations. Perturbation prescription

around the fixed points is given by,

u2 = u2c + δu2 (4.16)
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c2s = cs
2
c + δc2s (4.17)

r = rc + δr. (4.18)

Substituting eqn.(4.16–4.18) in eqn.(4.14) and eqn.(4.15), one can derive a set of two

autonomous first-order linear differential equations in the δr− δu2 plane. δc2s is expressed

in terms of δr and δu2 as,

δc2s
cs2c

= (γ − 1− cs
2
c)

[ −1

2u2c(1− u2c)
δu2 − rc − 1

∆c
δr

]

. (4.19)

This form of δc2s has been derived using the modified form (in terms of u2 instead of u)

of the mass accretion rate (eqn.(3.2)) and its corresponding expression for the entropy

accretion rate (eqn.(3.3)). Through this procedure, a set of coupled linear equations in δr

and δu2 will be obtained as

d

dτ
(δu2) = ACHδu

2 + BCHδr (4.20)

d

dτ
(δr) = CCHδu

2 +DCHδr (4.21)

where,

ACH =
(1− rc)(γ − 1− c2sc)

∆c(1− u2c)
(4.22)

BCH = 2

[

c2sc
∆c

− (rc − 1)2c2sc
∆2

c

(γ + 1− c2sc)

−f
′′

2f
+

1

2

(

f ′

f

)2
]

(4.23)

CCH =

[

1 +
(γ − 1− c2sc)

2(1 − u2c)

]

1

u2c(1− u2c)
(4.24)

DCH = −ACH (4.25)

Writing eqn.(4.20) and eqn.(4.21) in matrix notation and using trial solutions of the form

exp(Ωτ), the product of eigenvalues of the co-efficient matrix can be expressed as,

ΩCH1ΩCH2 = ACHDCH − BCHCCH (4.26)

Consequently, Ω2 is given by

Ω2
CH = BCHCCH −ACHDCH (4.27)

Once the critical points and critical velocities are obtained, it is straightforward to calculate

the numerical value corresponding to the expression for Ω2. It has been observed that

the single critical point solutions are always of saddle type. This is obvious, otherwise

monotransonic solutions would not exist. It is also observed that for multi-critical flow,

the middle critical point is of centre type and the inner and the outer critical points are

of saddle type. This will be explicitly shown in the subsequent sections.
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4.2.2 Discs with quasi-spherical geometry

Using eqn.(3.11) and eqn.(3.12), the gradients of square of the sound speed and the ad-

vective velocity can be written as,

dc2s
dr

= (γ − 1− c2s)

[ −1

2(1 − u2)

du2

dr
− f ′

2f

]

(4.28)

du2

dr
=

2

[

(2r2 − 3r + a2)

∆r
c2s −

f ′

2f

]

1

u2

(

1

1− u2

)

(u2 − c2s)

. (4.29)

The parameterized form of eqn.(4.29) is given by,

du2

dτ
= 2

[

(2r2 − 3r + a2)

∆r
c2s −

f ′

2f

]

(4.30)

dr

dτ
=

u2 − c2s
u2(1− u2)

(4.31)

Eqn.(4.30) and eqn.(4.31) are expanded using the perturbation scheme in eqns.(4.16–4.18).

Using modified forms of the eqn.(3.9) and eqn.(3.10), δc2s is derived as

δc2s
c2sc

= (γ − 1− c2sc)

[

− 1

2u2c(1− u2c)
δu2 − (2r2c − 3rc + a2)

∆crc
δr

]

. (4.32)

Thus, the coupled linear equations in δr and δu2 are given by,

d

dτ
(δu2) = ACF δu

2 + BCF δr (4.33)

d

dτ
(δr) = CCF δu

2 +DCF δr (4.34)

where,

ACF = −(2r2c − 3rc + a2)(γ − 1− c2sc)

∆crc(1− u2c)
(4.35)

BCF =
2(4rc − 3)c2sc

∆crc
− f ′′

f
+

(

f ′

f

)2

− 2c2sc
∆2

cr
2
c

(2r2c − 3rc + a2)

[

(3r2c − 4rc + a2) + (γ − 1− c2sc)(2r
2
c − 3rc + a2)

]

(4.36)

CCF =

[

1 +
(γ − 1− c2sc)

2(1 − u2c)

]

1

u2c(1− u2c)
(4.37)

DCF = −ACF . (4.38)

As discussed in the previous section, the expression for Ω2 in this case is given by

Ω2
CF = −ΩCF 1ΩCF 2 = BCF CCF −ACFDCF (4.39)
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4.2.3 Flow in hydrostatic equilibrium along the vertical direction

Using eqn.(3.19) and eqn.(3.20), the gradient of square of acoustic and advective velocities

can be written as,

du2

dr
=

β2c2s

[

F ′
1

F1
− 1

F

∂F

∂r

]

− f ′

f
(

1− β2c2s
u2

) 1

(1− u2)
+
β2c2s
F

(

∂F

∂u2

) (4.40)

where F1 = ∆r4 and β =
√

2
γ+1 .

The parameterized form of eqn.(4.40) is given by

du2

dτ
= β2c2s

[

F ′
1

F1
− 1

F

∂F

∂r

]

− f ′

f
(4.41)

dr

dτ
=

(

1− β2c2s
u2

)

1

(1− u2)
+
β2c2s
F

(

∂F

∂u2

)

. (4.42)

Using the perturbation scheme of eqns.(4.16–4.18) and modified forms of eqns.(3.16) and

(3.18) we obtain,
δc2s
c2sc

= Aδu2 + Bδr (4.43)

where,

A = −γ−1−c2sc
γ+1

[

1
u2
c(1−u2

c)
− 1

Fc

(

∂F
∂u2

)

∣

∣

∣

∣

c

]

, (4.44)

B = −γ−1−c2sc
γ+1

[

F ′

1(rc)
F1(rc)

− 1
Fc

(

∂F
∂r

)

∣

∣

∣

∣

c

]

, (4.45)

and the coupled linear equations in δr and δu2 given by,

d

dτ
(δu2) = β2c2sc

[AF ′
1

F1
− AC

F
+

CD
F 2

− ∆3

F

]

δu2

+

[

β2c2scF
′
1

F1

{

B +

(

F ′′
1

F ′
1

− F ′
1

F1

)}

−f
′

f

(

f ′′

f ′
− f ′

f

)

−β
2c2scC
F

(

B − C
F

+
∆4

C

)]

δr (4.46)

d

dτ
(δr) =

[

1

(1− u2c)
2 − β2c2sc

u2c (1− u2c)

{

A+
2u2c − 1

(1− u2c)
2

}

+
β2c2scD
F

(

A− D
F

+
∆1

D

)]

δu2

+

[

− β2c2scB
u2c (1− u2c)

+
β2c2scD
F

(

B − C
F

+
∆2

D

)]

δr (4.47)

where,

C =
(

∂F
∂r

)

∣

∣

∣

∣

c

, D =
(

∂F
∂u2

)

∣

∣

∣

∣

c

,
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∆1 =
∂

∂u2

(

∂F
∂u2

)

∣

∣

∣

∣

c

, ∆2 =
∂
∂r

(

∂F
∂u2

)

∣

∣

∣

∣

c

, ∆3 =
∂

∂u2

(

∂F
∂r

)

∣

∣

∣

∣

c

, ∆4 =
∂
∂r

(

∂F
∂r

)

∣

∣

∣

∣

c

.

Thus, Ω2 can be derived as,

Ω2
V E = −ΩV E1ΩV E2 = β4c4scχ

2 + ξ1ξ2 (4.48)

where, χ =
[

F ′

1A
F1

− AC
F + CD

F 2 − ∆3
F

]

=
[

B
u2
c(1−u2

c)
− BD

F + CD
F 2 − ∆2

F

]

,

ξ1 =
β2c2scF

′

1
F1

[

B +
F ′′

1
F ′

1
− F ′

1
F1

]

− f ′

f

[

f ′′

f ′ − f ′

f

]

− β2c2scC
F

[

B − C
F + ∆4

C

]

, and

ξ2 =
1

(1−u2
c)

2 − β2c2sc
u2
c(1−u2

c)

[

A+ 2u2
c−1

u2
c(1−u2

c)

]

+ β2c2scD
F

[

A− D
F + ∆1

D

]

.

4.2.4 Variation of Ω2 with accretion parameters - A comparative analysis

The expressions for Ω2 derived in the previous subsections for three different polytropic

flow geometries are ultimately functions of the critical point rc. Computation of rc using

methods elaborated in chapter 2 enables us to calculate this new quantity and check its

sign to determine whether the corresponding critical point is a saddle or centre. However,

a comparative study of the trends of variation of Ω2 with the various acccretion parameters

can also turn out to be quite informative in this context.
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Figure 4.1: Ω2 vs. [E − λ] for constant height flow (γ = 1.35, a = 0.1).

Figure 4.1 consists of a panel of three different plots. All these diagrams depict the

variation of Ω2 for constant height discs with the specific energy and specific angular
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momentum of the flow. The first plot (left – upper row) shows the values of Ω2 for the

inner critical points. The second (right – upper row) and third (left – lower row) plots

correspond to the middle and outer critical points respectively. It is readily observed that

the inner and outer critical points – which co-incide with the sonic points for polytropic

constant height discs, as proved in the previous chapter – have positive values of Ω2

throughout the admissible parameter space, and hence are of saddle-type. Whereas, the

middle critical point has negative values of Ω2 and therefore has to be a centre-type critical

point through which, phase trajectories cannot pass. Thus, it is evident that physical flow

can occur only through the outer and inner sonic points and not through the middle

critical point. It is also observed that the values of Ω2 at the inner sonic points are higher

by orders of magnitude than those at the outer sonic points. This definitely hints at a

correlation between the quantity and the extent of the local space-time curvature around

the respective critical points. Although a thorough treatment of this issue is beyond the

scope of our present work, but our finding does point in a prospective direction for future

investigations.

3 3.2 3.4 3.6 3.8

 	 
���r�

1

�.006

�.��2

�.��8

�

6

�2

�8

λ

�2

3 3.2 3.4 3.6 3.8
1

1.01

1.02

-0.0�

�0.02

�0.01

0

Ω
2

CF (mid)

λ

ε

3 3.2 3.4 3.6 3.8
1

1.01

1.02

0.0002

0.0006

0.001

CF (outer)

λ

�2

Figure 4.2: Ω2 vs. [E − λ] for quasi-spherical flow (γ = 1.35, a = 0.1).

Figure 4.2 depicts the variation of Ω2 with accretion parameters [E − λ] for flows with

quasi-spherical geometry. Values of γ and a have been fixed at 1.35 and 0.1 respectively.

The trends of variation are same as those that have been observed for accretion discs with a

constant height. The inner and outer critical points – which are isomorphic with the sonic

points for quasi-sperical flows as demonstrated in chapter 2 – are saddle-types, whereas

the middle critical points are found to be centre-types. The only evident difference is in
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terms of the magnitudes of Ω2 which are observed to be lower than the corresponding

values for constant height discs. The apparent correlation between Ω2 and the strength of

gravity at the critical points can be seen in this case as well.
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Figure 4.3: Ω2 vs. [E − λ] for flow in vertical hydrostatic equilibrium (γ = 1.35, a = 0.1).

Figure 4.3 shows the variation of Ω2 with [E − λ] for discs in hydrostatic equilibrium

in the vertical direction. Trends of variation remain same as for the previous two flow

geometries, except for the magnitudes which may be observed to have decreased further

in this case. The inner and outer critical points – which are not the same as sonic points

for VE discs – are saddle-type, whereas the middle critical point is of centre-type nature.

Values at the inner critical points are much higher than those at the outer critical points,

as have been observed in all the preceding cases.

Figure 4.4 presents an elegant tool for visualising the evolution of critical points with

the system parameters. It can be immediately recognised as a bifurcation diagram in the

terminology of dynamical systems theory. However, there is an essential difference. This

improvised bifurcation diagram not only depicts the creation and annihilation of critical

points with the variation of parameters in a system, but it also contains information about

the nature of the respective critical points. In a qualitative sense, it gives us the dynamical

picture of the phase trajectories as they evolve with a changing system parameter. The

parameter space diagrams reported in the previous chapter could tell us about the num-

ber of critical points in a particular region of the parameter space. But the bifurcation

diagram presented in figure 4.4 also helps us to understand the physical reasons behind
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the number of critical points in a parameter space region, as will be demonstrated for this

particular plot.

We have depicted the dependence of transonicity on the entire physical range of black

hole spin including retrograde flows (flows counter-rotating with the the central black

hole) for a given set of the other parameters (E = 1.003, λ = 3.0, γ = 1.35). The blue

dashed lines, the green dotted lines and the red solid lines represent discs with constant

height, quasi- spherical geometry and vertical hydrostatic equilibrium respectively. The

magnified image in the inset shows that for the given values of [E , λ, γ], only one critical

point exists almost over the entire range of negative Kerr parameter. The single positive

values of Ω2 establish that the sole critical point is a saddle and hence we have a mono-

transonic flow through the critical point. The extremely low magnitudes of the values

indicate that the saddle-type critical points lie far away from the event horizon. As the

system proceeds towards higher black hole spin, the single values bifurcate into three dis-

tinct values. This is the value of a where, for the given values of the other parameters,

the flow undergoes a transition from mono-transonic to multi-transonic. Two among the

three branches have positive values of Ω2 pointing to saddle-type critical points, and the

third branch lying below the zero-line corresponds to a centre-type middle critical point.

The upper positive branch of the trident exhibits a sharp rise indicating that it is the inner

critical point, possibly rushing towards the horizon with increasing a, until it enters the

horizon not to be seen anymore on the diagram. The lower positive branch (middle branch

of the trident) is a continuation of the monotransonic branch denoting the outer critical

point. Hence if one can visualise the whole process in the phase space of the system, it will

be realised that while the black hole spin consistently evolves from extremally retrograde

to extremally prograde, at a particular value of spin, the a saddle-centre pair of critical

points appears out of nowhere between the outer critical point and the horizon. Then

the inner saddle-type critical point approaches the horizon and is ultimately lost into it,

leaving us with two critical points, out of which physical flow can occur only through the

outer saddle-type point. In other words, the flow reverts back to its mono-transonic state
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and remains so until the black hole reaches its maximum possible co-rotational spin.

This picture is extremely useful as it reveals the complete life-cycle of the phase tra-

jectories over full ranges of the system parameters, without requiring us to undertake the

arduous task of constructing the numerically accurate phase diagrams through integration

for a specific set of [E , λ, a, γ]. The diagram also enables a comparison between the dif-

ferent disc geometries. It is evident that for polytropic flows, the bifurcation from mono-

transonic to multi-transonic state occurs at lower values of black hole spin for discs in

vertical hydrostatic equilibrium, whereas constant height discs undergo such bifurcations

at higher values of a. Bifurcation in quasi-spherical discs is intermediate between the other

two configurations.

In the next section, we present the derivation of expressions of Ω2 and its variation with

the accretion parameters for various isothermal flow geometries.

4.3 Isothermal flow

Using the same techniques elaborated in the previous section, derivation of the product

of eigenvalues for the first-order autonomous linear differential equations corresponding to

isothermal accretion have been demonstrated for the three disc geometries in the following

sub-sections.

4.3.1 Constant Height Flow

Using eqn.(3.28), the gradient of square of the advective velocity u is obtained as,

du2

dr
=

(1− c2s)
∆′

∆ − B′

B
c2s
u2 − 1−c2s

1−u2

. (4.49)

Parameterizing eqn.(4.49) using a mathematical parameter τ , we get

du2

dτ
= (1− c2s)

∆′

∆
− B′

B
(4.50)

dr

dτ
=
c2s
u2

− 1− c2s
1− u2

(4.51)

Substituting the perturbation relations given by eqn.(4.16) and eqn.(4.18) (since δc2s =

0) in eqn.(4.50) and eqn.(4.51), a first-order autonomous set of equations in the δr–δu2

plane is derived as,
d

dτ
(δu2) = Biso

CHδr (4.52)

d

dτ
(δr) = Ciso

CHδu
2 (4.53)

such that,

Biso
CH =

f
′

c

fc

a2 − 1− (rc − 1)2

∆(rc − 1)
− f

′′

c

fc
+

(

f
′

c

fc

)2

(4.54)

Ciso
CH =

1

u2c(1− u2c)
, (4.55)
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where f = ∆/B. Therefore, the expression for Ω2 for a constant height isothermal disc is

given by,

Ωiso
CH

2
= −Ωiso

CH1
Ωiso
CH2

= Biso
CHCiso

CH . (4.56)

Note that the constancy of acoustic velocity makes the whole calculation a lot simpler for

isothermal flows.

4.3.2 Discs with quasi-spherical geometry

Using eqn.(3.34), the gradient of square of the advective velocity u can be written as,

du2

dr
=

(1− c2s)
∆′

∆ − B′

B − 2c2s
r

c2s
u2 − 1−c2s

1−u2

(4.57)

Parameterizing eqn.(4.57) with τ , we get

du2

dτ
= (1− c2s)

∆′

∆
− B′

B
− 2c2s

r
(4.58)

dr

dτ
=
c2s
u2

− 1− c2s
1− u2

(4.59)

Substituting the perturbation scheme from eqn.(4.16) and eqn.(4.18) in eqn.(4.58) and

eqn.(4.59), we obtain the following set of first order autonomous differential equations in

the δr − δu2 plane,
d

dτ
(δu2) = Bδr (4.60)

d

dτ
(δr) = Cδu2 (4.61)

where,

Biso
CF =

f
′

c

fc(2r2c − 3rc + a2)
(−∆c

rc
+
rc
∆c

(a2 − 1− (rc − 1)2))

−f
′′

c

fc
+

(

f
′

c

fc

)2

(4.62)

Ciso
CF =

1

u2c(1− u2c)
. (4.63)

Therefore, the expression of Ω2 for discs with quasi-spherical geometry can be derived

as,

Ωiso
CF

2
= −Ωiso

CF 1
Ωiso
CF 2

= Biso
CFCiso

CF . (4.64)

4.3.3 Flow in vertical hydrostatic equilibrium

Using eqn.(3.40), the gradient of square of the advective velocity u is obtained as,

du2

dr
=

2uc2s(
∆′

2∆ + 2
r − (2λ2vt − a2)vtP1

4F )− P1
2

u
1−u2 − c2s

u(1−u2)
(1− (2λ2vt − a2)u

2vt
2F )

(4.65)

where ∆, P1 and F have their usual meanings.

55



Parameterizing eqn.(4.65) with τ , we get

du2

dτ
= 2uc2s(

∆′

2∆
+

2

r
− (2λ2vt − a2)

vtP1

4F
)− P1

2
(4.66)

dr

dτ
=

u

1− u2
− c2s
u(1− u2)

(1− (2λ2vt − a2)
u2vt
2F

). (4.67)

Substituting the perturbation scheme provided in eqn.(4.16) and eqn.(4.18), we derive

d

dτ
(δu2) = Aiso

V Eδu
2 + Biso

V Eδr (4.68)

d

dτ
(δr) = Ciso

V Eδu
2 +Diso

V Eδr, (4.69)

such that,

Aiso
V E =

csc
2

g2

(

(2λ2vt − a2)fc
′

g2
′

2g2
√

(1− u2c)fc
− δ3

)

(4.70)

Biso
V E = cs

2
c

(

2

∆c
− 4

r2c
− 4(rc − 1)2

∆2
c

− δ4
g2

+

(

(2λ2vt − a2)fc
′

2g2
√

(1− u2c)fc

)2




−f
′′

c

fc
+

(

f
′

c

fc

)2

(4.71)

Ciso
V E =

u4c − 2cs
2
cu

2
c + cs

2
c

u4c(1− u2c)
2

+
cs

2
cδ1
g2

− cs
2
cg

′

2
2

g22
(4.72)

Diso
V E = −Aiso

V E (4.73)

where,

g2 = (λvt)
2 − vta

2 + a2,

δ1 =
2λ2f

(1−u2
c)

3 − 3a2

4

√

f
(1−u2

c)
5 ,

δ3 =
λ2f ′

(1−u2
c)

2 − a2f ′

4
√

f(1−u2
c)

3
,

δ4 =
λ2f

′′

1−u2
c
− a2

4
√

1−u2
c

2ff
′′

−f ′2

f
3
2

.

Therefore, the expression of Ω2 for isothermal discs in vertical hydrostatic equilibrium

can be written as,

Ωiso
V E

2
= −Ωiso

V E1
Ωiso
V E2

= Biso
V ECiso

V E −Aiso
V EDiso

V E . (4.74)

4.3.4 Variation of Ω2 with accretion parameters – A comparative anal-

ysis

We follow the same line of arguments presented in subsection 4.2.4 to carry out a compar-

ative analysis of the variation of Ω2 with the accretion parameters [T, λ, a] for isothermal

flow around rotating black holes.

Figure 4.5 shows the dependence of Ω2 for discs with constant height on the [T, λ]

parameter space. The value of the black hole spin parameter has been fixed at a = 0.1.

56



3.23.43.63.8

0

4x10
10

1.2x10
11

2x10
11

0

20

40

60

λ

;
2

<= >?@@er)

3.3 3.5
3.7 3.9

0

8x10
10

1.6x10
11

A1.B

D1

E0.6

F0.2

λ

G
2

CH (mid)

3.3 3.5 3.7 3.90

4x10
10

1.2x10
11

2x10
11

0

0.001

0.002

λ

H
2

IJ KLMNOP)

Figure 4.5: Ω2 vs. [T − λ] for constant height flow (a = 0.1).

The choice of a may seem adhoc to the reader at first. But there are reasons behind it.

In fact, we are compelled to choose from a specific range of the fixed parameter due to

non-availability of multi- transonic stationary flow solutions over a common region of the

other parameters for all three disc geometries. And in order to draw physically meaningful

inferences from the comparision of flow geometries, one needs to select values of the fixed

parameters such that there is a considerable overlap of the other available parameters for

the required kind of flow solution. After carefully studying the corresponding parameter

space diagrams obtained in the previous chapter, we fix only upon such parameter values

which allow for the scope to undertake a comparative analysis.

We observe from figure 4.5 that in accordance with polytropic accretion, multi- tran-

sonic isothermal flows are also characterised by two saddle-type critical points (inner and

outer) and a centre-type middle critical point. The trend of variation is similar to the

corresponding polytropic configuration, except for the absolute magnitude of Ω2 which

is found to be lower in the isothermal case. The relative magnitudes of the quantity for

inner and outer critical points – which are the same as inner and outer sonic points – are

once again observed to be hinting at a correlation with the curvature of space-time at the

critical point rc.

Figure 4.6 depicts the variation of Ω2 with [T, λ] for discs with quasi-spherical geometry.

With two saddle-type critical points (co-incident with the sonic points) and one centre-
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Figure 4.6: Ω2 vs. [T − λ] for quasi-spherical flow (a = 0.1).

type middle critical point, the plots look almost indistinguishable from figure 4.5. The

values of Ω2 seem to be very close, with the only difference being the temperature of the

flow which is slightly lower than that for the constant height discs.

Variation of Ω2 corresponding to all the three critical points with [T, λ] for discs in

vertical hydrostatic equilibrium has been presented in figure 4.7. While very little differ-

ence is observed in the values for the saddle-type outer critical point and the centre- type

middle critical point, the saddle-type inner critical point exhibits values of Ω2 which are

much less than those for the CH and CF discs. The strength of gravity is higher at the

inner critical points. And the variation of Ω2 also appears to respond accordingly to the

sharp increase in space-time curvature near the event horizon.

Figure 4.8 is the bifurcation diagram depicting the values of Ω2 with a changing Kerr

parameter for CH, CF and VE accretion discs. The values of flow temperature and flow

angular momentum have been fixed at T = 1010 Kelvin and λ = 3.6 respectively. Mono-

transonic flow through the outer saddle point is observed throughout the retrograde region.

Following the bifurcation into three critical points (which do not co-incide with the sonic

points for isothermal VE discs), the inner saddle point is driven towards the horizon with

increasing a. As the inner critical point is lost inside the event horizon, we are left with the

centre-type middle critical point (other partner of the saddle-centre pair created at bifur-

cation) which does not accommodate for any phase trajectories, and the outer saddle-type
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Figure 4.7: Ω2 vs. [T − λ] for flow in vertical hydrostatic equilibrium (a = 0.1).
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critical point through which accreting matter flows towards its ultimate mono-transonic

fall into the event horizon.

59



A discontinuity is observed in the negative branch of Ω2 after a certain value of a for

each of the three different flow geometries. This is an indication of the fact that for the

given set of [T, λ], increasing the Kerr parameter beyond some value leads to disappearance

of the centre-type middle critical point. This might occur due to penetration of the critical

point into the horizon, or due to a gradual degeneration of the homoclinic orbit leading

to its final separation into an upper mono-transonic accretion branch and a lower mono-

transonic wind (or outflow) branch, or both. The bifurcation diagram does not contain

sufficient information to confirm the actual reason for the given profile. Such an inquiry

can only be answered through actual numerical integration to obtain the corresponding

phase portrait. The following chapter will deal with the generation of phase portraits

using numerical schemes to compute the integral solutions for various flow configurations.

So far, we have been talking about multi-transonic flows in terms of multiple critical points

obtained mathematically by deriving the critical conditions using analytical recipes. In

other words, we had been treating the terms ‘multi-transonic’ and ‘multi-critical’ syn-

onymously. However, as we have already seen, critical points and sonic points are not

necessarily the same. Critical points are mathematical derivatives, whereas sonic points

are real physical locations on the flow. And none of the continuous phase trajectories

pass through more than one sonic points. Hence, for a flow to be truly multi-transonic, it

must be brought down from the supersonic branch of its phase trajectory to the subsonic

branch of a separate trajectory. This can only be achieved through discontinuities in the

flow. We address this issue in the next chapter.
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Chapter 5

Discontinuities in the Flow

Summary

X Relativistic Rankine-Hugoniot conditions

X Shock-invariant quantitites (Sh)

X Derivation of Sh for all flow configurations

X Numerical integration scheme – Construction of phase portraits

X Hunting for shocks in the phase portraits

X Flow variables at shock vs. accretion parameters

Discontinuities are often generated in supersonic astrophysical flows with an intrinsic

angular momentum. The discontinuities in the form of physical shocks divert the flow to

subsonic branches which eventually lead it through other sonic points in phase space. The

reason behind generation of shocks may be attributed to the repulsive centrifugal barrier

experienced by such flows. The barrier is sufficiently strong to hinder the infalling motion.

The only way to bypass such an obstruction and continue along a stationary solution is

through the introduction of shocks. Rotating, transonic astrophysical fluid flows are thus

believed to be ‘prone’ to the phenomenon of shock formation.

It is also expected that shock formation in black- hole accretion discs might be a general

phenomenon because shock waves in rotating astrophysical flows potentially provide an

efficient mechanism for conversion of a significant amount of the gravitational energy into

radiation by randomizing the directed inflow of the accreting fluid. Hence, shocks seem to

play a crucial role in governing the overall dynamical and radiative processes taking place

in astrophysical accretion. The study of steady, standing, stationary shock waves produced

in black hole accretion discs has acquired an important status. A number of works have

investigated the process (Fukue [1983], Hawley et al. [1984], Ferrari et al. [1985], Sawada

et al. [1986], Spruit [1987], Chakrabarti [1989], Abramowicz and Chakrabarti [1990], Yang

and Kafatos [1995], Chakrabarti [1996b], Lu et al. [1997], Caditz and Tsuruta [1998], Tóth
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et al. [1998], Das [2002], Takahashi et al. [1992], Das et al. [2003], Das [2004], Chakrabarti

and Das [2004], Fukumara and Tsuruta [2004], Abraham et al. [2006], Das et al. [2007])

For more details and an exhaustive list of references see, e.g., Chakrabarti [1996a] and Das

[2002].

Generally, the issue of the formation of steady, standing shock waves in black-hole ac-

cretion discs is addressed in two different ways. Firstly, one can study the formation of

Rankine-Hugoniot shock waves in a polytropic flow. Radiative cooling in this type of shock

is quite inefficient. No energy is dissipated at the shock and the total specific energy of

the accreting material is a shock- conserved quantity. Entropy is generated at the shock

and the post-shock flow possesses a higher entropy accretion rate than its pre-shock coun-

terpart. The flow changes its temperature permanently at the shock. Higher post-shock

temperature puffs up the post-shock flow and a quasi-spherical, quasi-toroidal centrifugal

pressure supported region is formed in the inner region of the accretion disc (see Das

[2002] and references therein for further detail) which locally mimics a thick accretion

flow. Secondly, one can concentrate on shock formation in isothermal accretion discs.

The characteristic features of such shocks are different from the non-dissipative shocks.

In isothermal shocks, the flow dissipates a part of its energy and entropy to keep the

post-shock temperature equal to its pre-shock value. This maintains the vertical thickness

of the flow before and after the shock. Simultaneous jumps in energy and entropy join

the pre-shock supersonic flow to its post-shock subsonic branch. For detailed discussion

and references see, e.g., Das et al. [2003] and Fukumara and Tsuruta [2004]. In the fol-

lowing sections, we shall construct the equations governing general relativistic Rankine-

Hugoniot shock conditions for different flow configurations and derive their corresponding

shock-invariant quantities (Tarafdar et al. [2017]).

5.1 Polytropic flow – Energy preserving shocks

5.1.1 Relativistic Rankine-Hugoniot conditions

The basic equations governing the flow are the energy and baryon number conservation

equations which contain no dissipative terms and the flow is assumed to be inviscid. Hence,

the shock produced in this way can only be of Rankine- Hugoniot type which conserves

energy. The shock thickness must be very small in this case, otherwise non-dissipative flows

will radiate energy through shock boundaries because of the presence of strong temperature

gradients between the inner and outer boundaries of the shock. The relativistic Rankine-

Hugoniot conditions can then be written as,

[[ρvrA(r)]] = 0, (5.1)

[[Ttµv
µ]] = [[(p + ǫ)vtv

r]] = 0, (5.2)

[[Tµνη
µην ]] = [[(p+ ǫ)vrvr + p]] = 0, (5.3)

where [[f ]] signifies the discontinuity in f across the shock surface. If f− and f+
denote the value of f just before and after the shock respectively, then [[f ]] = f+ − f−.

ηµ is in a direction normal to the shock hypersurface. vt, v
r and A(r) have their usual

meanings. A(r) is the only disc geometry dependent term, while all other terms depend
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on the thermodynamics of the flow and the physical space-time background. For three

different types of discs, A(r) is given by,

ACH(r) = 4πrH (5.4)

ACF (r) = 4πΛr2 (5.5)

AV E(r) = 4πrH(r) (5.6)

All the above equations lead to a set of shock-invariant quantities (Sh) for three dif-

ferent flow configurations.

The shock-invariant quantity (Sh) is defined as a quantity whose numerical value becomes

equal on the integral solution branch passing through the outer sonic point and the branch

passing through the inner sonic point, exclusively at the location(s) of physically allowed

discontinuities obeying general relativistic Rankine Hugoniot conditions. Thus, once the

expression for shock- invariant quantities are obtained, the corresponding shock locations

can be evaluated by numerically checking for the condition

Sout
h = Sin

h , (5.7)

where Sout
h and Sin

h are the shock-invariant quantities defined on the phase trajectories

passing through the outer and the inner sonic points respectively.

Thus, by monitoring the invariance of Sh while integrating along the flow, locations of

shock (rsh) and the ratios of different flow variables across shock can be determined.

Then, the trend of their variation with various accretion parameters can be investigated.

5.1.2 Discs with constant height

Substituting eqn.(2.28), eqn.(2.30), eqn.(2.32) and eqn.(5.4) in eqns.(5.1–5.3) and can-

celling all terms with an explicit r-dependence (the shocks have infinitesimally small thick-

ness and hence r+ = r−) we get,

[[

u√
1− u2

(

c2s
γ − 1− c2s

)
1

γ−1

]]

= 0 (5.8)

[[

γu

c2s(1− u2)

(

c2s
γ − 1− c2s

)

γ
γ−1

]]

= 0 (5.9)

[[

1

1− u2

(

c2s
γ − 1− c2s

)

γ
γ−1

(

γu2∆

c2s
+ r2

(

1− u2
)

)

]]

= 0 (5.10)

Solving eqns.(5.8–5.10), we derive the following shock-invariant quantity for polytropic

discs with constant height,

Sh

∣

∣

∣

∣

CH

=
u2(γ ∆

r2
− c2s) + c2s

u
√
1− u2(γ − 1− c2s)

. (5.11)
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5.1.3 Discs with quasi-spherical geometry

Substituting eqn.(2.28), eqn.(2.30), eqn.(2.32) and eqn.(5.5) in eqns.(5.1–5.3), we get

[[

u√
1− u2

(

c2s
γ − 1− c2s

)
1

γ−1

]]

= 0 (5.12)

[[

γu

c2s(1− u2)

(

c2s
γ − 1− c2s

)

γ
γ−1

]]

= 0 (5.13)

[[

1

1− u2

(

c2s
γ − 1− c2s

)

γ
γ−1

(

γu2∆

c2s
+ r2

(

1− u2
)

)

]]

= 0 (5.14)

Solving eqns.(5.12–5.14) and cancelling all terms with an explicit r-dependence, we obtain

the expression of Sh for polytropic discs with quasi-spherical geometry,

Sh

∣

∣

∣

∣

CF

=
u2(γ ∆

r2
− c2s) + c2s

u
√
1− u2(γ − 1− c2s)

. (5.15)

We note that the shock conditions and consequently the shock-invariant quantities are

identical for CH and CF discs. This is due to the fact that the flow-geometry-dependent

conditions differ either by multiples of constants or multiples of exclusively explicit func-

tions of r. These factors get cancelled at the shock location(s), since r+ = r−. The

equations representing energy and momentum conservation across shock remain same ir-

respective of the disc geometry.

5.1.4 Discs in vertical hydrostatic equilibrium

Substituting eqn.(2.28), eqn.(2.30), eqn.(2.32), eqn.(5.6) and eqn.(2.49) in eqns.(5.1–5.3),

we get
[[

u
√

(1− u2)F

(

c2s
γ − 1− c2s

)

γ+1
2(γ−1)

]]

= 0 (5.16)

[[

γu

c2s(1− u2)

(

c2s
γ − 1− c2s

)

γ
γ−1

]]

= 0 (5.17)

[[

1

1− u2

(

c2s
γ − 1− c2s

)

γ
γ−1

(

γu2∆

c2s
+ r2

(

1− u2
)

)

]]

= 0 (5.18)

Solving eqns.(5.16–5.18) and cancelling all terms with an explicit r-dependence, Sh for

polytropic discs in vertical hydrostatic equilibrium is derived as,

Sh

∣

∣

∣

∣

V E

=

√
F{u2(γ ∆

r2
− c2s) + c2s}

ucs
√

(1− u2)(γ − 1− c2s)
. (5.19)

Now that the expressions of shock-invariant quantities for all three polytropic flow

configurations have been derived explicitly, we can proceed to investigate the parameter

space diagrams and look for the subsets of multi-critical solution regions which allow the

formation of shocks (as depicted previously in figure 3.5), and hence represent real physical

multi-transonic accretion. Then we use numerical integration schemes to generate the

phase portraits with shock locations for specific sets of the flow parameters. The phase

portraits subsequently enable us to undertake a comparative analysis of the pre- and post-

shock ratios of relevant flow variables for the three disc geometries.
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5.1.5 Phase portraits and flow variable ratios at shock

In the previous chapter, we illustrated that it is possible to understand the nature of the

critical points through some local stability analysis, i.e., the methodology is applicable only

in the close neighbourhood of the critical points. The global picture of the flow topology,

however, can only be generated through the stationary integral solutions of the correspond-

ing flow equations. Such solutions are obtained through numerical integration techniques.

For a particular set of [E , λ, γ, a], one calculates the location of critical point(s). The values

of u, cs, du/dr and dcs/dr on such critical points are then computed. Starting from critical

points, the expressions corresponding to du/dr and dcs/dr are then numerically integrated

to obtain the radial Mach number vs. radial distance profile. For tran- sonic flow with

multiple critical points, a stationary shock may form. For such flows, integral stationary

subsonic solutions pass through the outer sonic point (associated with the saddle-type

outer critical point) and become supersonic. The supersonic flow then encounters a dis-

continuous transition through shock and becomes subsonic once again. The location of

the shock is determined by checking for the equality of the shock-invariant quantities at

points along the supersonic and subsonic branches of two different phase trajectories. The

post-shock subsonic flow then passes through the inner sonic point (corresponding to the

saddle-type inner critical point) to become supersonic again and ultimately plunges into

the event horizon.
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Figure 5.1: Phase-space portrait (Mach number vs. r plot) for quasi-spherical disc (E = 1.0003, λ = 3.5, γ = 1.35,

a = 0.1). rinsh = 4.805, routsh = 38.15, rin = 4.5 (inner sonic point I), rmid = 13.712 (mid sonic point M),

rout = 2244.313 (outer sonic point O).

Figure 5.1 shows the Mach number vs. radial distance phase portrait of a shocked

multi-transonic flow for accretion in quasi- spherical geometry. Branch AOB (green curve)

represents accretion through the outer sonic point O. The flow encounters a stable, stand-

ing, energy preserving shock at r = routsh whose location is obtained by using the scheme

of equating shock-invariant quantities. It then jumps along the line of discontinuity BC

(blue dashed curve). Thus being transformed into a subsonic, compressed and hotter flow,
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it then approaches the event horizon moving along the line CC’ID (red curve), becom-

ing supersonic once again while passing through the inner sonic point I. B’C’ shows an

unstable line of discontinuity which is inaccessible to physical flow. FOE represents the

corresponding wind solution, while DIC’CF is a homoclinic orbit encompassing the middle

critical point M.

Now that a generic phase-space diagram of the flow has been elaborated, we intend

to know which region of the parameter space allows the construction of such phase por-

traits with the formation of physical shocks. For given values of a and γ, we check the

validity of relativistic Rankine-Hugoniot conditions for every set of [E , λ] which have an

associated multi- critical accretion solution. It is observed that only for some subsets of

such regions, the shock-invariant quantities calculated along the supersonic and subsonic

solutions passing through the outer and the inner sonic points respectively, become equal

at a particular radial distance, which is then designated as the shock location.
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Figure 5.2: Comparison of [E − λ]shock plots for CH (blue-dashed curves), CF (green-dotted curves) and VE (red-

solid curves) discs (a = 0, γ = 1.35).

In figures 5.2 and 5.3, we plot [E , λ]shock for various geometric configurations of flow

around a non-rotating and a rotating black hole, respectively. It is observed that in case

of a Schwarzschild black hole, for the given value of γ, a common region of [E , λ]shock for

all three kinds of disc does not exist. Increasing the black hole spin parameter pushes the

solutions towards lower values of flow angular momentum (note the correlation between

a and λ), and squeezes them closer, thus generating a tiny region of overlap. Therefore

one may infer, that in order to perform a comparative analysis of the flow variable ratios

across shocks (shock strength, compressibility etc.), low angular momentum, low energy,

inviscid flows around rapidly co-rotating black holes need to be considered.

Figure 5.4 shows a magnified image of the common [E , λ] region for shocked multi-

transonic accretion in discs with constant height, with quasi-spherical geometry and in

vertical hydrostatic equilibrium. These overlapping parameter space domains are ex-

tremely important to our purpose. All the shock related flow properties for which the
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Figure 5.3: Comparison of [E − λ]shock plots for CH (blue-dashed curves), CF (green-dotted curves) and VE (red-

solid curves) discs (a = 0.57, γ = 1.35).
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Figure 5.4: Shaded region depicts the common domain of [E − λ]shock for CH (blue circles), CF (green circles) and

VE (red dots) discs (a = 0.57, γ = 1.35).

flow behaviour is to be compared for three different geometries, are to be characterized by

[E , λ, γ, a] corresponding to these common regions only.

Figure 5.5 is crucial, as it depicts the anti-correlation between black hole spin a and the

flow angular momentum λ in the context of formation of shocks. Even before the issue of

flow discontinuities was addressed, all the results obtained in the previous chapters hinted

at this connection. It can be seen that higher values of a lead to multi-transonic solutions

at lower values of λ and vice versa. Moreover, it may be observed that a higher difference

between a and λ leads to the generation of a greater shock-forming region on the parame-

ter space. The only probable reason behind this observation seems to be an increase in the

effective centrifugal potential barrier experienced by the flow, which must be proportional

to (λ − a)2. As already explained at the introduction of the chapter, a higher effective

centrifugal barrier causes greater hindrance to the accreting matter. The only way around
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Figure 5.5: Overlap region of [a, λ] (γ = 1.35, E = 1.00024) which allows shock formation in CH discs (blue circles),

CF discs (green circles) and VE discs (red dots).

such an impediment is to channel the matter through a shock onto the subsonic branch

of a different phase trajectory, which eventually leads into the event horizon through a

second sonic point. Thus, figure 5.5 strongly supports the hypothesis regarding formation

of shocks due to centrifugal barriers in the flow. It is important to remember that appli-

cation of Rankine-Hugoniot conditions provides an analytical tool to look for shocks by

utilising few conservation rules at the shock boundaries. However, it does not grant any

physical explanation to the phenomenon of shock-formation itself.
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Figure 5.6: Shock location (rsh) vs. a plot (E = 1.00024, λ = 2.9, γ = 1.35) for CH discs (dashed blue curve), CF

discs (dotted green curve) and VE discs (solid red curve).

Figure 5.6 depicts the variation of shock- location (rsh) with spin parameter a. The

value of λ in this figure and all subsequent figures illustrating other shock related quantities

for polytropic flow has been chosen from the common region in figure 5.5 so as to ensure

the maximum possible overlapping range of a permissible for shocked accretion at the

given value of E and γ for all three flow geometries. The shock location is observed to shift

further from the horizon as the black hole spin increases. This is what we may expect, as

increasing Kerr parameter for a fixed angular momentum of the flow implies a stronger

effective centrifugal barrier. Thus transonicity and shock formation are speculated to
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occur in early phases of the flow at greater distances from the massive central source. A

comparision of the models reveals the following trend at a given value of a,

rsh(V E) > rsh(CF ) > rsh(CH).

This indicates that flow in vertical hydrostatic equilibrium has to face much greater op-

position than the other two disc geometries for the same amount of obstruction posed by

rotation of the flow and spin of the black hole.
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Figure 5.7: Variation of shock strength (M+/M−), compression ratio (ρ−/ρ+), pressure ratio (P−/P+) and tem-

perature ratio (T−/T+) with black hole spin parameter a (γ = 1.35, E = 1.00024, λ = 2.9) for constant height flow

(dashed blue lines), quasi-spherical flow (dotted green lines) and flow in hydrostatic equilibrium (solid red lines).

Subscripts ‘+’ and ‘-’ represent pre and post shock quantities respectively.

It is also interesting to note from figure 5.7 that not only does the vertical equilibrium

model experience maximum hindrance due to rotation, but it also exhibits the formation

of shocks with the weakest strength, i.e. pre-shock to post-shock ratio of the Mach number

(M+/M−), when compared with the other two models. The shocks are the strongest in

case of discs with a constant height and intermediate in the case of quasi-spherical flows.

The strengths are observed to decrease with a. This can be explained by the dependence of

shock location on the spin parameter. Greater values of rsh point at decreasing curvature of

physical space-time leading to diminishing influence of gravity. Thus the dropping of shock-

strength with increasing a, i.e. a farther shock-location rsh, demonstrates that weaker

gravity amounts to the formation of weaker discontinuities in the flow and vice-versa.

Naturally, waning shock strengths in turn lead to lower post- to pre-shock compression

(ρ−/ρ+), pressure (P−/P+) and temperature (T−/T+) ratios, as observed in the figure. A

seemingly anomalous behaviour is observed in the variation trend for constant height flow
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geometry. In spite of a receding shock location, the shock strength increases, although

behaviour of the other related ratios fall in line with our previous arguments. The reason

behind such an anomaly will be revealed in the next chapter when we discuss the variation

of quasi-terminal values for mono-transonic flow solutions available over the entire physical

range of the Kerr parameter.

5.2 Isothermal flow – Dissipative shocks

5.2.1 Relativistic Rankine-Hugoniot conditions

Isothermal shocks are dissipative in nature. Constant temperature is maintained at the

cost of energy liberated at the shock locations. In fact, such dissipative shocks prove to

be an efficient mechanism for the extraction of gravitational energy of the accreting fluid

in the form of radiation. Since energy is not conserved in isothermal flows, the relativistic

Rankine-Hugoniot conditions are defined as the conservation of pre- and post-shock mass

given by eqn.(5.1), conservation of pre- and post-shock flow momentum given by eqn.(5.3)

and the conservation of pre- and post-shock quasi-specific energy given by,

[[

v2t ρ
2c2s
]]

= 0 (5.20)

Applying the techniques described in the previous section, the shock-invariant quanti-

ties (Sh) for all three isothermal flow geometries are derived as under –

5.2.2 Discs with constant height

Substituting for ρ from eqn.(2.44) in eqn.(5.20), we get







v2t

(

Ṁ

vrA(r)

)2c2s






 = 0. (5.21)

Substituting for A(r) from eqn.(5.4), we obtain









(r − 2)
(

r3 + a2(r + 2)
)

(1− u2) (r4 − λ2 (4a2 + r(r − 2)) + a2r(r + 2))

(

Ṁ
√
1− u2

u
√
∆4πrH

)2c2s






 = 0. (5.22)

Also, substituting for ρ from eqn.(2.44), p from eqn.(2.33) and A(r) from eqn.(5.4) in

eqn.(5.3), we obtain

[[

Ṁ

4πH

(

u2∆(c2s + 1) + c2s(1− u2)

ur
√

∆(1− u2)

)]]

= 0. (5.23)

Cancelling all constants and terms with an explicit r-dependence in eqn.(5.22) and

eqn.(5.23), the shock-invariant quantity for isothermal constant height accretion discs is

derived as,

Sh|isoCH =

(

u√
1− u2

)2c2s−1

(u2∆+ r2c2s(1− u2)). (5.24)
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5.2.3 Discs with quasi-spherical geometry

Substituting for A(r) from eqn.(5.5) in eqn.(5.21), we obtain









(r − 2)
(

r3 + a2(r + 2)
)

(1− u2) (r4 − λ2 (4a2 + r(r − 2)) + a2r(r + 2))

(

Ṁ
√
1− u2

u
√
∆4πr2Λ

)2c2s






 = 0. (5.25)

Substituting for ρ from eqn.(2.44), p from eqn.(2.33) and A(r) from eqn.(5.5) in

eqn.(5.3), we obtain

[[

Ṁ

4πΛ

(

u2∆(c2s + 1) + c2s(1− u2)

ur2
√

∆(1− u2)

)]]

= 0. (5.26)

Cancelling all constants and terms with an explicit r-dependence in eqn.(5.25) and

eqn.(5.26), the shock-invariant quantity for isothermal quasi-spherical accretion discs can

be derived as,

Sh|isoCF =

(

u√
1− u2

)2c2s−1

(u2∆+ r2c2s(1− u2)) (5.27)

5.2.4 Discs in vertical hydrostatic equilibrium

Substituting for A(r) from eqn.(5.6) and H(r) from eqn.(2.50) in eqn.(5.21), we obtain









Ṁ

8π

v
1

c2s
t (λ2v2t − a2(vt − 1))

√
1− u2

u
√
∆r5c2s







 = 0. (5.28)

Substituting for ρ from eqn.(2.44), p from eqn.(2.33) and A(r) from eqn.(5.6) in

eqn.(5.3), we obtain

[[

Ṁ

4π

2c2sr
4

λ2v2t − a2(vt − 1)

(

u2∆(c2s + 1) + c2s(1− u2)

ur
√

∆(1− u2)

)]]

= 0. (5.29)

Cancelling all constants and terms with an explicit r-dependence in eqn.(5.28) and

eqn.(5.29), the shock-invariant quantity for isothermal accretion discs in vertical hydrosatic

equilibrium can be derived as,

Sh|isoV E = u2c
2
s−1(u2∆+ r2c2s(1− u2)) (5.30)

5.2.5 Phase portraits and flow variable ratios at shock

We now intend to see which region of the T − λ space allows shock formation. For given

values of a, we check the validity of relativistic Rankine-Hugoniot conditions for every set

of [T, λ] which have an associated multi-critical accretion solution. It is observed that only

for some subset of such [T, λ], the shock-invariant quantities calculated along the solution

passing through the outer and the inner sonic points become equal at a particular radial

distance, which is then designated as the shock location.

In figures 5.8 and 5.9, we plot the corresponding [T, λ]shock for various geometric con-

figurations of flow around a non-rotating and a rotating black hole, respectively. We plot

the subsets of the T − λ spaces for three different flow geometries at fixed values of a = 0
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Figure 5.8: Comparision of T − λ plot of allowed shocked multi-transonic accretion solutions for three different flow

geometries (a = 0, T in Kelvin). CH, CF and VE discs are represented by blue dashed, green dotted and red solid

curves respectively. Shaded region depicts the overlapping domain of parameters for all the three geometries.
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Figure 5.9: Comparision of T − λ plot of allowed shocked multi-transonic accretion solutions for three different flow

geometries (a = 0.1, T in Kelvin). CH, CF and VE discs are represented by blue dashed, green dotted and red solid

curves respectively. Shaded region depicts the overlapping domain of parameters for all the three geometries.

and a = 0.1, for which, value of the shock-invariant quantities Sh, when evaluated along

the flow branches through inner and outer critical points, become equal at particular

value(s) of r, which is the location of shock. The shaded region depicts overlap of shock-

forming [T, λ] parameter set of the three disc configurations. It is observed that unlike

the polytropic case, isothermal accretion onto non- rotating black holes with different flow

geometries have a significant region of overlap. Even for rotating black holes, the com-

mon region is much larger than its polytropic counterpart. An increase in black hole spin

pushes the multi-transonic solutions towards lower values of the flow angular momentum.

Once the common region for shock formation is obtained, we investigate the variation
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of shock location (rsh), shock strength (M+/M−), compression ratio (ρ−/ρ+), pressure

ratio (P−/P+) and quasi-specific energy dissipation ratio (ξ+/ξ−) (subscripts + and −
have the same meanings as defined for polytropic accretion in the previous sections) with

the black hole spin parameter a, also comparing the trends of variation for various disc

geometries.

1

10

100

1000

-0.1 0 0.1 0.2

rs¬

Figure 5.10: Shock location (rsh) vs. a plot (T = 1010 K, λ = 3.75) for CH disc (dashed blue curve), CF disc

(dotted green curve) and VE disc (solid red curve).

Figure 5.10 shows how the shock location (rsh) varies with spin parameter a. The bulk

ion temperature has been fixed at 1010 K and the value of has been selected accordingly

(λ = 3.75) from the region of shock overlap observed in figure 5.9 so that the available

range of a is maximum. The same set of [T, λ] has been used in all subsequent isothermal

shock related plots. As already argued in the previous sections on polytropic flow, growth

in strength of the effective centrifugal barrier due to increase in the difference between

λ and a explains the formation of shock farther away from the gravitating source as the

value of black hole spin is increased while fixing the value of specific angular momentum.

Again, for a particular value of a, it is observed that

rsh(V E) > rsh(CF ) > rsh(CH),

which indicates that even in the case of an isothermal disc, flow in vertical hydrostatic

equilibrium is exposed to the maximum resistance for the same centrifugal barrier faced

by CH and CF geometry discs.

Figure 5.11 on comparing with figure 5.7 establishes the fact that irrespective of

whether the flow is polytropic or isothermal, a gradual increase in black hole spin for

a specific flow angular momentum shifts the shock location outwards by boosting the ef-

fective centrifugal barrier. A shock formed far away from the event horizon is weaker in

strength owing to the eventual flattening of space-time. Moreover in both polytropic and

isothermal cases, for a given [a, λ], the strongest shocks are formed in constant height discs

whereas discs in vertical hydrostatic equilibrium exhibit the weakest shocks. The same

trend is consistently observed for all the relevant ratios across the discontinuity.
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Figure 5.11: Variation of shock strength (M+/M−), compression ratio (ρ−/ρ+) and pressure ratio (P−/P+) with

spin parameter a (E = 1010 K, λ = 3.75) for CH (dashed blue curves), CF (dotted green curves) and VE discs (solid

red curves). Subscripts ‘+’ and ‘-’ represent pre- and post- shock quantities respectively.

5.2.6 Powering flares through energy dissipated at shock

For the isothermal accretion onto a rotating black hole considered in the present work, we

concentrate on dissipative shocks. Unlike the standing Rankine- Hugoniot type energy-

preserving shocks studied for the polytropic flow, a substantial amount of energy is dis-

sipated at the shock location to maintain the temperature invariance of the isothermal

flow. As a consequence, the flow thickness does not change abruptly at the shock location

and handling the pressure balance equation across the shock becomes more convenient as

compared to that for the polytropic accretion. The amount of energy dissipated at the

shock might make an isothermal shock to appear ‘bright’, since for inviscid, dissipationless

flow considered in our work, accretion remains radiatively inefficient throughout. The type

of low angular momentum inviscid flow we consider in the present work, is believed to be

ideal to mimic the accretion environment of our galactic centre black hole (Moscibrodzka

et al. [2006]). Sudden substantial energy dissipation from the shock surface may thus be

conjectured to feed the X-ray and IR flares emanating from our galactic centre black hole

(Baganoff et al. [2001], Genzel et al. [2003], Marrone et al. [2008], Czerny et al. [2010],

Wang et al. [2013], Ponti et al. [2015], Karssen et al. [2017], Mossoux and Grosso [2017],

Yuan et al. [2018]).

In our formalism, the ratios of the quasi-specific energies corresponding to the pre-

shock and post-shock flows is assumed to be a measure of the amount of the dissipated

energy at the shock surface. In figure 5.12, we plot such ratios for various ranges of the
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Figure 5.12: Variation of quasi-specific energy ratio (ξ+/ξ−) with black hole spin parameter a (T = 1010 K). In

order to obtain multi-critical domains with shock over four different ranges of a, four different values of λ have

been fixed at the given T , i.e. λ = 3.75 (upper left), λ = 3.25 (upper right), λ = 3.0 (lower left), λ = 2.7 (lower

right). CH, CF and VE flow have been represented by dashed blue, dotted green and solid red curves respectively.

Subscripts ‘+’ and ‘-’ represent pre- and post-shock quantities respectively.

black hole spins for three different types of the geometries of the flow. The panel consists

of four figures, each corresponding to a certain range of values of a. As already discussed,

for a fixed value of [E , λ, γ] or [T, λ], shock formation over a continuous range of the Kerr

parameter spanning its entire physical domain−1 > a > 1, is allowed neither for polytropic

nor isothermal accretion. Four different figures in the panel are thus characterised by four

different sets of [T, λ] as mentioned in the caption. The following interesting features are

observed:

1. Depending on the initial conditions, substantial amount of energy gets liberated from

the shock surface. Sometimes even as high as 30% of the rest mass may be converted

into radiated energy, which is a huge amount. Hence the shock-generated dissipated

energy can, in principle, be considered as a good candidate to explain the source

of energy dumped into the flare. The length scale on the disc from which the flare

may be generated also matches well with the shock location. Such ‘flare-generating’

length scales obtained in our theoretical calculations are thus, in good agreement

with the observational works (Karssen et al. [2017]).

2. We also observe that the amount of dissipated energy anti-correlates with the shock

location, which is perhaps intuitively obvious because closer the shock forms to the

horizon, greater is the available gravitational energy to be converted into dissipated

radiation. Following the same line of argument, the amount of dissipated energy

anti-correlates with the flow angular momentum. The lower the angular momentum
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of the flow, the closer to the horizon is the centrifugal pressure supported region

formed. Such regions slow down the flow and break the flow behind it, and hence

the shock is generated. The locations of such region are thus markers anticipating

the region of the disc from which the flares may be generated.

It is imperative to study the influence of the black hole spin in determining the amount

of energy liberated at the shock. What we have found here is that for prograde flow, such

amount anti-correlates with the black hole spin. Thus, for a given flow angular momentum,

slowly rotating black holes produce the strongest flares. Hence, for a given value of [T, λ], if

shocked multi-transonic accretion solutions exist over a positive span of a including a = 0,

then flares originating from the vicinity of a Schwarzschild black hole would consequently

contain the maximum amount of energy. Hence, unlike the Blandford-Znajek mechanism

(Blandford and Znajek [1977], Das and Czerny [2012], O’ Riordan et al. [2016], Czerny

and You [2016], Bambi [2017]), the amount of energy transferred to a flare is not extracted

at the expense of black hole spin. Certain works based on the observational results argue

that there is no obvious correlation between the black hole spin and the jet power (Fender

et al. [2010], Broderick and Fender [2011] and references therein). Our present finding is

in accordance with such arguments. In this connection, however, it is to be noted that

BZ mechanism is usually associated with the electromagnetic energy extractions, whereas

energy liberation at the shock is associated with the hydrodynamic flow. Hence no direct

comparision can perhaps be made between the Blandford-Znajek process and the process

considered in our work.

1
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1.1
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+
-

Figure 5.13: Variation of quasi-specific energy ratio (ξ+/ξ−) with a (T = 1010 K, λ = 4.0) for retrograde flow.

In recent years, the study of retrograde flow close to the Kerr black holes are also of

profound interest (Garofalo [2013], Mikhailov et al. [2018] and references therein). Hence

we study the spin dependence of the amount of energy dissipation at the shock. The result

is shown in figure 5.13. Here we observe that the amount of dissipated energy is greater

for faster counter-rotating black holes. For retrograde flow, the negative Kerr parameter

essentially reduces the overall measure of the angular momentum of the flow and the ef-

fective angular momentum, which may explain such finding.

It is also observed that the amount of shock-dissipated energy is also influenced by the
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geometric configuration of the flow. We find that axially symmetric flow with constant

thickness produces the largest amount of liberated energy at shock, whereas the flow in

hydrostatic equilibrium along the vertical direction generates the smallest amount. The

quasi-spherical flow contributes at a rate which is intermediate between the rates for CH

and VE discs. This feature remains unaltered for prograde as well as retrograde flows.

Now that the discontinuities have been discussed in detail, we shall try to proceed farther

along the flow. When accreting matter becomes subsonic after overcoming the centrifugal

barrier, it accelerates towards the inner sonic point. Once it is crossed, there is nothing

to stop the resultant supersonic flow from plunging into the event horizon. In case of

accretion onto hard, finite-sized compact objects such as neutron stars, more subsequent

shocks can be formed before collision of the infalling matter with the surface of the ac-

cretor. However, black holes do not have a hard surface. Hence the inflow continues

unhindered, attaining ultra-high values of velocity (approaching the speed of light), pres-

sure, density and temperature (for polytropic flows) just before falling into the horizon.

Considering appropriate radiative mechanisms, such values may be used to find the inten-

sities of radiation for different frequencies in the close vicinity of the event horizon. Once

the intensity of radiation emanating from the region is known, it can be integrated along

various lines of sight using the ray-tracing techniques from numerical optics, to produce

an image of the disc at the boundary of the horizon, which is nothing but an optically

inverted shadow-image of the event horizon itself! In the next chapter, we shall focus on

these terminal values of the flow variables. We prefer to call them ‘quasi-terminal’ values,

as the fluid simply does not stop at the horizon, but is lost into oblivion, still accelerating

towards the singularity.
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Chapter 6

Quasi-terminal Values

Summary

X Definition & significance of quasi-terminal values – Vδ

X Vδ vs. a for multi-transonic flow configurations

X Vδ vs. a for mono-transonic flow configurations

X A glimpse of the horizon

Accreting matter manifests extreme behaviour before plunging through the event hori-

zon because it experiences the strong curvature of space-time close to the black hole. The

spectral signature of such matter corresponding to such length scale helps to understand

the key features of strong gravity space-time in close proximity of the horizon. It may also

help in investigating the spectral signatures of black hole spin. The corresponding spectral

profiles and the light curves can be used to construct the relevant black hole shadow im-

ages (Falcke et al. [2000], Takahashi [2004], Huang et al. [2007], Hioki and Maeda [2009],

Zakharov et al. [2012], Straub et al. [2012]).

For a very small positive value of δ (∼ 0.0001), any flow variable Vδ measured at a radial

distance rδ = r+ + δ (r+ is the radius of the horizon) will be termed as a ‘quasi-terminal

value’ of the respective flow variable. In Das et al. [2015], dependence of Vδ on the Kerr

parameter was studied for polytropic discs in hydrostatic equilibrium along the vertical

direction. In the present work, we intend to generalize such work by computing Vδ for all

three different matter geometries for both polytropic and isothermal flows. This general-

ization will be of paramount importance in understanding the geometric configuration of

matter close to the horizon manifested through imaging of its shadow.

In what follows, we shall study the dependence of [M,ρ, T, P ]rδ (for polytropic flow) and

[M,ρ, P ]rδ (for isothermal flow) on the Kerr parameter for shocked multi-transonic accre-

tion with three different flow geometries to understand how the nature of such dependence

gets influenced by the disc structure. In this context, we shall also investigate mono-
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transonic flows which offer solutions over the entire range of Kerr parameter, from −1 to

+1, with an aim to look for any general asymmetry in the variation trend of Vδ between

co-rotating and counter-rotating accretion discs.

6.1 Polytropic flows

6.1.1 Dependence of Vδ on a for multi-transonic accretion
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Figure 6.1: Variation of quasi-terminal values of Mach number (Mδ), density (ρδ), pressure (Pδ) and temperature

(Tδ) with a (γ = 1.35, E = 1.00024, λ = 2.9) for CH (dashed blue curves), CF (dotted green curves) and VE (solid

red curves) discs. Density and pressure are in CGS units of g cm−3 and dyne cm−2 respectively and temperature

is in absolute units of Kelvin.

Figure 6.1 demonstrates how the quasi-terminal values pertaining to Mach number

(Mδ), density (ρδ), pressure (Pδ) and the bulk ion temperature (Tδ) vary with black hole

spin a. A given set of [E , λ, γ] is chosen such that a substantial range of a is available for

comparing any observable trend of variation in the common shock regime for all three disc

configurations.

It may be noted that although a general course of dependence of the values may be

observed within a local set of flow parameters for each geometry separately, however it is

impossible to conclude about any global trends of such sort. This is primarily due to the

reason that each permissible set of [E , λ, γ] offers an exclusively different domain of black

hole spin for multi-transonic accretion to occur and an even narrower common window for

the viability of general relativistic Rankine-Hugoniot shocks in different geometric config-

urations of the flow. Hence, in spite of the fact that physical arguments may be able to

justify the observed results in certain cases, however similar specific attempts made in all
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small local parameter regions may not only turn out to be futile, but also dangerously

misleading.

The anomaly which was pointed out in section 5.1.5 of the previous chapter, is clearly

an example of such an issue. However, there is absolutely no scope for scepticism regard-

ing the universality or validity of our previous physical arguments. It is only that nature

offers a few selected systems with an opportunity to peek into their global behaviour. We

present such an instance in the following subsection.

6.1.2 Dependence of Vδ on a for mono-transonic accretion
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Figure 6.2: Variation of quasi-terminal values of Mach number (Mδ), density (ρδ), pressure (Pδ) and temperature

(Tδ) with a (γ = 1.35, E = 1.2, λ = 2.0) for mono-transonic accretion with CH (dashed blue curves), CF (dotted

green curves) and VE (solid red curves) discs. Density and pressure are in CGS units of g cm−3 and dyne cm−2

respectively and temperature is in absolute units of Kelvin.

In figure 6.2 we show the dependence of quasi-terminal values on black hole spin for

mono-transonic accretion. It is observed that weakly rotating and substantially hot flows

allow stationary mono-transonic solutions over the entire physical range of the Kerr param-

eter. A careful glance at the results reveals, that the reason behind the previously discussed

anomaly in general spin-dependent behaviour of the corresponding physical quantities, are

the essential intrinsic limitations in the possibility of observing their variation over the com-

plete range of a. Since, for any given set of [E , λ, γ], shocked stationary multi-transonic

accretion solutions for all disc configurations are allowed over a considerably small over-

lapping domain of a, one is only able to look through a narrow slit of the whole window.

It is clearly evident from figure 6.2 that the quasi-terminal values indeed exhibit common

80



global trends of variation over a. However, while concentrating upon a small portion of

spin, asymmetry in the shapes and distributions of such trends leads to crossovers and

apparently non-correlative or anti-correlative mutual behaviours among the various disc

geometries.

It is understandable to question the utility of results with such unavoidable constraints

which are levied by nature itself. But sometimes, a curse is a blessing in disguise. In the

present context, it is this very asymmetry, that turns out to be of supreme importance in

pointing towards a prospective observational signature of the black hole spin. One may

readily observe in figure 6.2 that the distributions of Vδ across a exhibit clear distinctions

between prograde and retrograde flows. The values of Vδ at +a and −a are distinctly sep-

arate. We must keep in mind, that feeding these values in appropriate radiative transfer

processes (such as synchrotron, bremsstrahlung and Compton scattering) is the first step

in the process of constructing a black hole shadow image. Hence, differences between black

holes with co-rotating and counter-rotating spins visible on these plots are expected to re-

flect on the resulting shadow images, providing a direct way to distinguish between positive

and negative spins. Generation of numerous shadow images of black holes with different

values of spin, surrounded by accretion discs with different geometries, equations of state

and flow parameters is a method which is being pursued by theoretical astrophysicists to

create calibration charts that may be compared to actual images of the event horizon to

be captured using extremely high-resolution telescopes in the upcoming decades.

6.2 Isothermal flows

6.2.1 Dependence of Vδ on a for multi-transonic accretion

Variation of the quasi-terminal values of Mach number (Mδ), density (ρδ) and pressure

(Pδ) with spin parameter a has been depicted in figure 6.3 for a given T (1010 K) and

λ (3.75). It is observed that although the variations are similar in nature to those for

polytropic flow, but even in this case, limitations in the availability of a substantial range

of spin for shocked multi-transonic solutions for all disc geometries, make it impossible to

comment on the global trend with which such quantities vary in accordance to black hole

spin or the disc configuration. Hence, we try to resolve this issue in the next subsection

by looking at the case of mono-transonic isothermal flows.

6.2.2 Dependence of Vδ on a for mono-transonic accretion

Figure 6.4 demonstrates the dependence of the quasi-terminal values of Mach number,

density and pressure for mono-transonic isothermal flow on the Kerr parameter. Hot flows

with low angular momentum exhibit stationary accretion solutions spanning the complete

range of black hole spin. It is observed that the general spin-dependent behaviour of the

corresponding physical quantities for three different flow geometries is comparatively well-

behaved than the polytropic case, and is evenly consistent over different regions of a. The

following trends

M iso
δ (CH) > M iso

δ (CF ) > M iso
δ (V E), (6.1)
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1010K,λ = 3.75) for constant height flow (dashed blue lines), quasi-spherical flow (dotted green lines) and flow
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respectively and temperature is in absolute units of Kelvin.
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ρisoδ (CH) > ρisoδ (CF ) > ρisoδ (V E), (6.2)

P iso
δ (CH) > P iso

δ (CF ) > P iso
δ (V E), (6.3)

are observed throughout the physical range of the Kerr parameter. However, the intrinsic

limitations on the range of spin for comparing the Vδ variations for different disc geometries

still exist for multi-transonic flows. It is clear from figure 6.4 that quasi-terminal values

possess common global trends of variation over a for CH, CF and VE discs. The important

observation in this context is the existence of an apparent asymmetry between prograde

and retrograde flows. As mentioned in the case of polytropic accretion, such an asymmetry

is exceedingly significant for the observation of black hole spin related spectral signatures.

6.3 A glimpse of horizon

Computation of quasi-terminal values helps us to understand spectral nature of the pho-

tons that are emanated from close proximity of the horizon. Hence, a study into the

variation of the quasi-terminal values with a is useful to understand how the black hole

spin influences the the shape of the black hole shadow image. The importance of our

present work is that –

It investigates the spin dependence of quasi-terminal values for different geometrical con-

figurations and thermodynamic states of the disc.

It shows that prograde and retrograde flows are distinctly marked by asymmetric distri-

butions of relevant quasi-terminal values over the entire theoretical range of black hole

spin. This indicates that the constructed image of shadow will be different for the co- and

counter rotating flows.

We also observe that the physical quantities responsible to construct the black hole spec-

tra (velocity, density, pressure, temperature (for polytropic accretion) and quasi-specific

energy (for isothermal accretion) of the flow) change abruptly at the shock location. This

indicates that the discontinuous changes in the physical quantities should get manifested

as a break in the corresponding spectral index, and will also show up during the procedure

of black hole shadow imaging.

Our work is thus expected to predict how the shape of the image of the shadow might be

governed by the dynamical and thermodynamic properties of the accretion flow along with

the spin of black hole. Through the construction of such images (large multinational col-

laborative projects are underway, see e.g. figures 6.5), we will not only be able to provide a

possible methodology to look for the observational signatures of black hole spin, but such

images will also possibly shed light on the difference between the prograde and retrograde

flows from an observational point of view. The Event Horizon Telescope (EHT) team is

analysing petabytes of data being recorded by their VLBI instruments across the globe,

with an effective baseline comparable with the radius of the earth. In fact, the first-ever

shadow- image of a 6.5 billion solar mass supermassive black hole lurking at the centre of
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the M87 galaxy – which is 55 million light years away from us – was publicly released by

the EHT team on 10th of April, 2019! Although the number and resolution of the images

will increase as new data pours in over further epochs of observation, however striking

similarities with predictions made using Einstein’s theory of gravity have already been ob-

served. An image of the bright radio source at the centre of our own galaxy is still awaited.
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Chapter 7

Acoustic Black Holes

Summary

X Acoustic black holes & analogue gravity

X Acoustic metric (Gµν) and acoustic surface gravity (κ)

X A classical model – transonic accretion

X Variation of κ with accretion parameters for various flow configurations

Although striking similarities exist between an ordinary thermodynamic system and

a black hole, classical physics forbids black holes to radiate. Black hole radiation is a

quantum phenomenon, and the introduction of quantum physics brings about significant

changes in the scenario. The black hole radiation effect is known as Hawking effect, and the

corresponding radiation and its associated temperature are termed as Hawking radiation

and Hawking temperature, respectively. However, the observation of Hawking radiation for

astrophysical black holes is beyond the scope of present day instruments due to extremely

low temperatures. Moreover, such radiation may possess trans-Planckian frequencies due

to gravitational red-shift close to the horizon. These challenges regarding experimental

measurement of the Hawking effect motivated physicists to look for an analogue version

of the phenomenon. Thus, a theory of analogue or ‘acoustic’ black holes was introduced.

7.1 Analogue gravity

Black holes in general relativity and any diffeomorphism covariant theory of gravity

(with field equations directly following from a diffeomorphism covariant Lagrangian), re-

semble several aspects of classical thermodynamic systems within the classical physics

framework (Wald [1984], Wald [1994], Brown [1995], Hehl et al. [1998], Wald [2001]).

A number of significant works published during the early seventies (Bekenstein [1972b],

Bekenstein [1972a], Bekenstein [1973], Bardeen et al. [1973], Bekenstein [1975], Israel

[1976], Bekenstein [1980]) revealed that black holes in general relativity obey certain laws

which are analogous to the classical laws of thermodynamics. Such an analogy leads to the
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idea of ‘surface gravity’ of a black hole1, which can be derived by computing the norm of

the gradient of norms of the Killing fields evaluated at the event horizon, and is found to

be constant for a given black hole (analogous to constant temperature of a body in thermal

equilibrium, i.e. the ‘Zeroth Law’ of thermodynamics). Moreover, a zero value of surface

gravity cannot be attained through any finite number of operations (analogous to the fact

that the temperature of a system cannot be reduced to absolute zero, e.g. see discussions

in Hehl et al. [1998]). It was found via black hole uniqueness theorem (Heusler [1996]

and references therein) that classical thermodynamic entropy is analogous to a constant

multiple of the surface area of a classical black hole.

However, the physical temperature of a black hole is absolute zero (see, e.g. Wald [2001]).

Hence any physical connection between the surface gravity of a black hole and classical

thermodynamic temperature cannot be established. But Stephen Hawking, in his revolu-

tionary paper published in 1975 (Hawking [1975]), used quantum field theoretic calcula-

tions in curved space-time to show that the physical temperature and entropy of black hole

has finite non-zero value (see Page [2005] and Padmanabhan [2005] for excellent reviews

of black hole thermodynamics and Hawking radiation). A linear quantum field, initially

in its vacuum state, propagating against the dynamical background of classical space-time

describing gravitational collapse leading to the formation of Schwarzschild black hole was

considered. The vacuum expectation value of the energy-momentum tensor of this field

was found to be negative near the horizon. This negative energy flux decreases black hole

mass. The outgoing mode of the quantum field contains particles. The expected number

of these outgoing particles was observed to be corresponding with radiation from a finite-

sized perfect black body. Hence, the radiation spectrum had to be of thermal nature, and

the respective temperature – termed as the Hawking temperature – was computed as,

TH =
~c3

8πkBGMBH
(7.1)

where G, ~, c, kB , MBH are the gravitational constant, reduced Planck constant, ve-

locity of light, Boltzmann constant and black hole mass, respectively.

It is evident that the Hawking temperature of a black hole is inversely proportional to

its mass. A rough estimate reveals that TH for stellar mass black holes would be around

107 times cooler than the cosmic microwave background radiation (≈ 2.73 K). Supermas-

sive black holes would radiate at even lower temperatures. Thus, TH would be detectable

only for hypothetical black holes with very small size and mass, known as ‘primordial

black holes’. Such black holes were proposed to have been formed just seconds after

the big bang due to fluctuation-induced gravitational collapse of highly dense regions of

radiation-dominated universe. The lower stable bound for the mass of such black holes

has been estimated to be around 1015 gm. Although, depending on the model, such black

holes can have masses of the order of 10−5 gm, but primordial black holes with masses

lower than the stable bound will have evaporation time-scales (due to Hawking radiation)

that are much smaller than the age of our universe, and hence will have ceased to exist by

now. The size of primordial black holes with lower stable bounds of mass would roughly be

of the order of 10−13 cm and the corresponding TH can be calculated to be approximately

1Surface gravity may be defined as the acceleration measured by red-shift of light rays passing close to

the horizon (Helfer [2003]).
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1011 K, which is comparable with the macroscopic temperature of matter accreting onto

stellar mass or supermassive black holes. However, the existence of primordial black holes

is yet to be established, and at present, experimentally achievable resolutions are unable

to detect temperatures as small as the theoretically calculated Hawking temperatures of

stellar mass black holes. On the other hand, due to infinite gravitational redshift caused at

the event horizon, the emergent Hawking radiation is expected to possess trans-Planckian

frequencies whose corresponding wavelengths are beyond the Planck scale. Hence, effective

low-energy theories cannot self-consistently deal with the Hawking radiation (see Parentani

[2002] for further details). The nature of physics at such ultra-short distances is also not

well understood. Hence, several fundamental issues like the statistical interpretation of

black hole entropy, and the physical origin of the outgoing mode of the quantum field, still

remain unresolved (Wald [2001]).

The aforementioned difficulties motivated physicists to look for an analogous theory whose

effects can be perceived through experimentally realisable physical systems. The theory of

an analogue Hawking phenomenon can create the possibility to verify some basic features

of black hole physics in the laboratory. Several works have attempted to propose condensed

matter or optical analogues of event horizon. Such analogue theories can have prospec-

tive utilities in the investigation of quasi-normal modes (Berti et al. [2004], Cardoso et al.

[2004]), acoustic super-radiance (Basak and Majumdar [2003], Basak [2005], Lepe and

Saavedra [2005], Slatyer and Savage [2005], Cherubini et al. [2005], Kim et al. [2005], Fed-

erici et al. [2006], Choy et al. [2006]), FRW cosmology inflationary models (Barceló et al.

[2005]), quantum gravity and sub-Planckian models of string theory (Parentani [2002]).

However, in our work, we concentrate upon the formalism behind classical analogue sys-

tems. The ‘classical analogue systems’ refer to the examples where analogue effects are

studied in classical fluids, and not quantum fluids. Detailed description of such systems

have been provided in the subsequent sections.

7.2 A classical analogue system

Recently, theoretical analogies have been predicted between acoustic perturbations in

a fluid, and several kinematic features of space-time in general relativity. An effective

metric, describing the geometry of a manifold in which acoustic perturbations propagate,

can be constructed. Such a metric is termed as an ‘acoustic metric’. Several properties

of this effective geometry are analogous to the properties of curved space-time in general

relativity. One of the most significant effects of analogue gravity is the ‘classical black

hole analogue’. An acoustic perturbation (sound wave), dragged by a transonic, classi-

cal, inhomogenous, dissipationless fluid, can never cross the ‘sonic surface’, which is a

collection of transonic points in space-time. The location where the fluid becomes super-

sonic, behaves as a ‘trapping’ surface for the outgoing phonons. Thus, the sonic surface

acts as an acoustic horizon and is found to mimic the electromagnetic event horizon in

a number of ways. The acoustic horizon turns to be a null hypersurface generated by

acoustic null geodesics (phonons). The acoustic horizon is found to feature an analogue

of radiation with a quasi-thermal phonon spectra. Such radiation is considered an ana-

logue of Hawking radiation, and the corresponding temperature is termed as the analogue

Hawking temperature (TAH). The terms ‘analogue’, ‘acoustic’ and ‘sonic’ will be used
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synonymously henceforth, and classical systems in which, the effects of analogue radiation

are manifested, will be termed as classical analogue systems.

In his pioneering work, Unruh [1981] simulated the behaviour of a linear quantum field in a

classical gravitational field by the propagation of an acoustic perturbation in a convergent

fluid flow. Considering the equation of motion for a transonic, barotropic, irrotational

fluid, Unruh [1981] showed that the scalar field representing the acoustic perturbation

satisfies a differential equation which is analogous to the equation of a massless scalar field

propagating in a physical space-time metric. Such a metric has striking resemblance with

Schwarzschild metric near the event horizon – which in this case turns out to be the sonic

point or the ‘acoustic horizon’. The behaviour of normal modes near the acoustic hori-

zon indicates that an analogue radiation with a quasi-thermal spectrum will be emitted

from the acoustic horizon and the temperature of such acoustic emission was calculated

as (Unruh [1981]):

TAH =
~

4πkB

[

1

cs

∂u2⊥
∂η

]

rs

, (7.2)

where rs is the location of the sonic horizon, cs is the sound speed, u⊥ and ∂/∂η are

the components of advective velocity and derivative, respectively, normal to the acoustic

horizon.

Note that the sound speed cs is constant indicating that an isothermal equation of state

was used by Unruh to describe the fluid. This work was followed by a number of important

works (Jacobson [1991], Unruh [1995], Visser [1998], Jacobson [1999], Bilic [1999]). Visser

[1998] considered a general barotropic, inviscid, Newtonian fluid in irrotational flow and

presented a general treatment of the associated classical analogue radiation. He stated

that the equation of motion for the velocity potential describing an acoustic disturbance

in the fluid would resemble the d’Alembertian equation of motion for a minimally coupled

massless scalar field propagating in a (3 + 1) dimensional Lorentzian geometry, given by

�ψ =
1√
−G∂µ

(√
−GGµν∂νψ

)

= 0, (7.3)

where ψ is the velocity potential of the propagating acoustic perturbation, and Gµν

is the so-called acoustic metric. It was shown that the acoustic metric for a point sink

was conformally related to the Painlevé-Gullstrand-Lemâıtre form of the Schwarzschild

metric (Painlevé [1921], Gullstrand [1922], Lemâıtre [1933]) and the following general

expression for analogue temperature was obtained, where cs was free to depend on the

spatial coordinates (Visser [1998]),

TAH =
~

4πkB

[

1

cs

∂

∂η

(

c2s − u2⊥
)

]

rs

. (7.4)

Moreover, in all the above classical analogue systems, the fluid is non-relativistic and it

flows in the physical background of a flat Minkowski space-time. But the acoustic perturba-

tion propagating through the non-relativistic fluid is coupled to an effective acoustic metric

which is curved and hence may be qualitatively classified as pseudo-Riemannian in nature.

These limitations were addressed by Bilic [1999], and the formalism was generalized for

the flow of relativistic fluids with their respective acoustic metrics in the background of
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a physically curved space-time. The expression for the corresponding analogue Hawking

temperature was obtained as (Bilic [1999])

TAH =
~

2πkB

[√
χµχµ

1− c2s

∂

∂η
|u⊥ − cs|

]

rs

, (7.5)

where χµ is the Killing vector corresponding to the curved background space-time

metric. The detailed derivations for both classical non-relativistic flow in flat Minkowski

space-time and classical relativistic flow in curved space-time have been presented in the

subsequent sections.

7.3 Acoustic geometry in flat background space-time

The continuity and Euler equations for a barotropic, inviscid, Newtonian fluid in irrota-

tional flow with velocity vector ~u, density ρ and pressure p are given by,

∂ρ

∂t
+∇. (ρ~u) = 0, (7.6)

ρ

[

∂~u

∂t
+ (~u.∇)~u

]

= −∇p−∇Φ. (7.7)

where Φ is the potential associated with any external driving force. Eqn.(7.7) can be

recast in the form,

∂~u

∂t
= ~u× (∇× ~u)− ∇p

ρ
−∇

(

1

2
u2 +Φ

)

. (7.8)

Defining specific enthalpy h such as ∇h = ∇p/ρ, velocity potential ψ such that ~u =

−∇ψ and implementing irrotationality of the flow, eqn.(7.8) can be written down as,

−∂ψ
∂t

+ h+
1

2
(∇ψ)2 +Φ = 0. (7.9)

Introducing the following perturbation scheme –

ρ = ρ0 + ρ1

p = p0 + p1

~u = ~u0 + ~u1

ψ = ψ0 + ψ1

h = h0 + h1 (7.10)

where ρ0, p0, u0, ψ0 and h0 denote unperturbed values of the corresponding flow

variables – the continuity and Euler equations can be linearized to obtain

∂ρ0

∂t
+∇.(ρ0 ~u0) = 0

∂ρ1

∂t
+∇.(ρ1 ~u0 + ρ0 ~u1) = 0 (7.11)

and,
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−∂ψ
0

∂t
+ h0 +

1

2
(∇ψ0)2 +Φ = 0

−∂ψ
1

∂t
+
p1

ρ0
− ~u0.∇ψ1 = 0. (7.12)

From eqn.(7.12), we get

p1 = ρ0
(

∂ψ1

∂t
+ ~u0.∇ψ1

)

, (7.13)

and hence, using the barotropic assumption,

ρ1 =
∂ρ

∂p
p1 =

∂ρ

∂p
ρ0
(

∂ψ1

∂t
+ ~u0.∇ψ1

)

. (7.14)

Substituting eqn.(7.14) in eqn.7.11, and defining sound speed as c2s = ∂p/∂ρ at constant

specific entropy, we obtain the equation for propagation of disturbance in ψ,

− ∂

∂t

[

ρ0

c2s

(

∂ψ1

∂t
+ ~u0.∇ψ1

)]

+∇.
[

ρ0∇ψ1 − ρ0

c2s

~u0
(

∂ψ1

∂t
+ ~u0.∇ψ1

)]

= 0 (7.15)

Then we are required to define a quantity fµν such that eqn.(7.15) is reduced to the

following form describing the propagation of a linearized scalar potential ψ1,

∂µ(f
µν∂νψ

1) = 0. (7.16)

From observation, one can readily define fµν as a 4× 4 matrix given by,

fµν =
ρ0

c2s

[

−1 −~u0
−~u0 (c2sδ

ij − (u0)i(u0)j)

]

(7.17)

with latin indices running from 1 to 3.

From eqn.(7.17), the determinant of fµν is given by

det(fµν) =

(

ρ0

c2s

)4
[

−(c2s − (u0)2)− (− ~u0).(− ~u0)
]

[

c2s
] [

c2s
]

= −(ρ0)4

c2s
. (7.18)

Now defining, fµν =
√
−GGµν ,

det(fµν) = (
√
−G)4G−1 = G. (7.19)

Therefore,

G = −(ρ0)4

c2s
;
√
−G =

(ρ0)2

cs
. (7.20)

Hence,

Gµν =
1√
−G

fµν =
1

ρ0cs

[

−1 −~u0
−~u0 (c2sδ

ij − (u0)i(u0)j)

]

. (7.21)

The new effective acoustic metric Gµν describes the acoustic geometry of the classical

analogue system, and is given by the 4× 4 matrix,

Gµν =
ρ0

cs

[

−(c2s − (u0)2) −~u0
−~u0 I

]

(7.22)
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where I is the 3 × 3 identity matrix. Thus, in terms of the acoustic metric Gµν , the

equation of propagation of acoustic perturbation (sound waves) in a barotropic, inviscid,

Newtonian fluid (eqn.(7.15)) can be written down in the form of an equation describing

the propagation of perturbations in a linear massless scalar field with a (3+1) dimensional

background Lorentzian geometry as,

�ψ1 =
1√
−G∂µ

(√
−GGµν∂νψ

1
)

= 0. (7.23)

In other words, the sound wave while propagating through the fluid, sees something anal-

ogous to a real physical pseudo-Riemannian (3+1) space-time manifold described by Gµν .

The phenomenon is even more interesting as Gµν does not only mimic space-time in the

above dynamical equation, but it also manifests various other properties of real physical

space-time, as we describe below –

The acoustic interval can be written as,

ds2 = Gµνdx
µdxν =

ρ0

cs

[

−c2sdt2 +
(

dxi − (u0)idt
)

δij
(

dxj − (u0)jdt
)]

. (7.24)

It is observed that Gµν has a Lorentzian (−+++) signature. General relativistic proper-

ties and concepts such as ‘stable causality’, ‘proper time’, ‘ergo-regions’, ‘trapped surfaces’,

‘apparent horizon’ and ‘event horizon’ are readily inherited by the acoustic metric.

Consider the following analogue of the time-translational Killing vector for a steady flow

given by ξµ = (∂/∂t)µ = (1, 0, 0, 0). Therefore,

Gµνξ
µξν = −ρ

0

cs
(c2s − (u0)2), (7.25)

which changes sign immediately when (u0)2 > c2s, i.e., the fluid flow becomes supersonic.

Thus, in analogy to the case of a spinning black hole whose ergo-region is defined by that

region where space moves with superluminal velocities, for a steady transonic flow, the

analogue ergo-region shall be defined by that region where the fluid moves supersonically.

The boundary of such transonic region may be termed as the analogue ergo-sphere.

Now let us express the fluid velocity in the vicinity of the acoustic horizon in terms of

components that are normal and tangential to the horizon,

~u = ~u⊥ + ~u‖. (7.26)

Henceforth, we shall drop the superscripts denoting unperturbed values for the sake of

notational convenience.

Considering a vector field Lµ given by

Lµ = (1;ui‖), (7.27)

such that the spatial components of Lµ are tangential to a constant-time slice through the

horizon. Thus, integral curves of Lµ would give us the acoustic horizon.
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The norm of Lµ can be obtained as,

||L||2 = GµνL
µLν

= − ρ

cs

[

−(c2s − u2)− 2 ~u‖.~u+ ~u‖. ~u‖
]

= − ρ

cs

[

−(c2s − u2)− u2‖

]

=
ρ

cs
(c2s − u2⊥) (7.28)

By definition, u⊥ = cs at the acoustic horizon. Hence Lµ becomes a null vector field on

the acoustic horizon, whose integral curves generate the horizon. Now, although Lµ is

not normalized with an affine parameter, one can verify that these generators are in fact

geodesics, and thus calculate the analogue surface gravity as follows –

(~L.∇)~L = −~L× (∇× ~L) +
1

2
∇(L2), (7.29)

or, in the index notation,

Lα∇αL
µ = Lα(∇αLβ −∇βLα)g

βµ +
1

2
∇β(L

2)gβµ. (7.30)

Now,

Lµ = GµνL
ν

=
ρ

cs

[

−(c2s − u2) −ui
−ui I

][

1

ui‖

]

= − ρ

cs

[

(c2s − u2⊥)

~u⊥

]

(7.31)

Therefore,

LαL[β,α] =





~u‖.∇
[

ρ
cs
(c2s − u2⊥)

]

∇j

[

ρ
cs
(c2s − u2⊥)

]

+ ui‖(
ρ
cs
u⊥)[j,i]



 , (7.32)

and

∇β

(

L2
)

=

[

0

∇j

[

ρ
cs
(c2s − u2⊥)

]

]

. (7.33)

Since u⊥ = cs at the acoustic horizon, eqn.(7.32) and eqn.(7.33) become

LαL[β,α] = − ρ

cs

[

0

∇j(c
2
s − u2⊥)

]

∇β

(

L2
)

=
ρ

cs

[

0

∇j(c
2
s − u2⊥)

]

(7.34)

Hence from eqn.(7.30)

Lα∇αL
µ =

1

2c2s

[

uj∇j(c
2
s − u2⊥)

(c2sδ
ij − uiuj)∇j(c

2
s − u2⊥)

]

. (7.35)
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Now, the gradient term has to be normal at the acoustic horizon, and therefore from

eqn.(7.35), we get

Lα∇αL
µ =

1

2cs

∂

∂η

(

c2s − u2⊥
)

[

1

~u‖

]

=
1

2cs

∂

∂η

(

c2s − u2⊥
)

Lµ. (7.36)

Comparing with the standard definition of surface gravity, we realise that the Lµ is not

only a null generator of the acoustic horizon, but inspite of not being normalized with an

affine parameter, it is also an analogue geodesic, and the analogue or ‘acoustic’ surface

gravity is given by (Visser [1998]),

κ =
1

2

∂

∂η
(c2s − u2⊥)|rs . (7.37)

The corresponding analogue Hawking temperature can be obtained as,

TAH =
~κ

2πkBcs
=

~

4πkB

[

1

cs

∂

∂η
(c2s − u2⊥)

]

rs

. (7.38)

Note that in the above formalism Gµν and gµν (real physical background space-time)

appear to be decoupled. However, one needs to remember that Gµν is explicitly depen-

dent on the dynamical velocities of the fluid flow, which in the present non-relativistic

case with flat background space-time do not seem to carry any impression of gµν . But the

scenario will change when relativistic flows in curved physical space-times are considered

as the respective analogue models. This is the most important reason for us to deviate

momentarily from the problem of astrophysical accretion and talk about analogue gravity.

As the title of the thesis suggested in the very beginning, our aim has been to study black

hole accretion as a classical analogue model. Black hole accretion is nothing but the rela-

tivistic flow of astrophysical fluids in curved space-time. Hence the corresponding acoustic

geometry is bound to contain information about the background physical geometry which

in turn imbibes information regarding black hole mass and spin.

7.4 Acoustic geometry in curved background space-time

First of all, basic relativistic fluid dynamics is formulated for a perfect gravitating rela-

tivistic fluid with four velocity uµ, pressure p, total mass-energy density ǫ, particle number

density ρ and entropy density s. The energy-momentum tensor is then given by,

Tµν = (p + ǫ)uµuν + pgµν (7.39)

gµν is the physical space-time metric, and the velocity normalization is given by uµu
µ =

gµνu
νuµ = −1.

The relativistic continuity equation is given by,

(ρuµ);µ =
1√−g ∂µ(

√−gρuµ) = 0, (7.40)

and the energy-momentum conservation equation is given by,

T µν
;ν = ∂νp+ uµu

ν∂νp+ (p + ǫ)uνuµ;ν = 0. (7.41)
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Now, given h = (p+ ǫ)/ρ is the specific enthalpy of the fluid such that

dh = Td

(

s

ρ

)

+
dp

ρ
, (7.42)

where T is the flow temperature, eqn.(7.41) reduces to

uν (huµ);ν − ∂µh = 0. (7.43)

Adding the irrotationality condition given by

ωµν = (δρµ − uρuµ)(δ
σ
ν − uσuν)u[ρ;σ] = 0, (7.44)

the Euler’s equation further simplifies to (Taub [1978])

(huµ);ν − (huν);µ = 0. (7.45)

Thus, the quantity huµ can be defined using a potential function ψ such that

huµ = ∂µψ. (7.46)

Eqn.(7.46) is an analogue for potential flow in relativistic fluids. The perturbation scheme

used to linearize the continuity and Euler’s equations is given by,

h = h+ δh

ρ = ρ+ δρ

uµ = uµ + δuµ

ψ = ψ + δψ. (7.47)

The normalization condition for uµ implies

gµνu
µδuν = 0. (7.48)

Substituting eqn.(7.47) in eqn.(7.46),

δhgµνu
ν + hgµνδu

ν = ∂µδψ. (7.49)

Multiplying eqn.(7.49) with uµ and utilising the normalization condition for uµ along with

eqn.(7.48), we get

δh = −uµ∂µδψ, (7.50)

and substituting eqn.(7.50) in eqn.(7.49), we obtain

hδuµ = −gµν∂µδψ + uµuν∂µδψ. (7.51)

Defining δρ = (∂ρ/∂h)δh, and substituting eqn.(7.50) and eqn.(7.51) in eqn.(7.40), we

derive the following equation,

∂µ

[

ρ

h

√−g
{

gµν −
(

1− h

ρ

∂ρ

∂h

)

uµuν
}

∂νδψ

]

= 0. (7.52)

A comparision of the above equation with eqn.(7.3) reveals that eqn.(7.52) is identical to

an equation describing the propagation of a massless scalar field δψ in the background of

a (3 + 1) pseudo-Riemannian geometry which is characterised by a metric Gµν , such that

√
−GGµν =

ρ

h

√−g
[

gµν −
(

1− h

ρ

∂ρ

∂h

)

uµuν
]

. (7.53)
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Hence, Gµν is the effective analogue or ‘acoustic’ metric for fluid flow in curved space-time.

Now from eqn.(7.42) for a process with constant specific entropy, the speed of propagation

of the acoustic perturbation is given by

c2s =
∂p

∂ρ
≡ ρ

h

∂h

∂ρ
. (7.54)

Therefore

fµν =
√
−GGµν =

ρ

h

√−g
[

gµν −
(

1− c−2
s

)

uµuν
]

(7.55)

or,

Gµν =
1√
−G

fµν =
ρ
√−g

h
√
−G

[

gµν −
(

1− c−2
s

)

uµuν
]

. (7.56)

Hence acoustic metric Gµν should be given by

Gµν = k
[

gµν − (1− c2s)uµuν
]

(7.57)

where k is a conformal factor.

Using eqn.(7.56), eqn.(7.57) and the normalization condition for uµ, we obtain

GµγGγν = k
ρ
√−g

h
√
−G

[

gµν −
(

1− c−2
s

)

uµuν
] [

gµν − (1− c2s)uµuν
]

= k
ρ
√−g

h
√
−G

δµν . (7.58)

In a general co-moving co-ordinate system, the 4-velocity of the stationary fluid flow is

along the time-translation Killing vector ξ = (1;~0), whose unit vectors are given by,

tµ =
ξµ√
ξνξν

=
δµ0√
g00

, (7.59)

and

tµ =
ξµ√
ξνξν

=
gµ0√
g00

. (7.60)

Therefore

G = k4det
[

gµν − (1− c2s)uµuν
]

= k4det

[

gµν − (1− c2s)
gµ0gν0
g00

]

= k4gc2s (7.61)

Thus, from eqn.(7.58)

k =
ρ

hcs
, (7.62)

and hence the acoustic metric for relativistic fluid flow in curved space-time is given by,

Gµν =
ρ

hcs

[

gµν − (1− c2s)uµuν
]

. (7.63)

Defining the boundary of ergo-region as the hypersurface on which norm of the time-

translation Killing vector changes its sign, we have

ξ2 = Gµνξ
µξν =

ρ

hcs

[

g00 − (1− c2s)u0u0
]

. (7.64)
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In order to find u0 let us define uµ as a combination of two components, one parallel to

tµ and the other orthogonal to tµ, i.e.

uµ = γtµ + (gµν − tµtν)u
ν (7.65)

where gµν − tµtν is the orthogonal projection operator and γ = tµuµ. Therefore from

eqn.(7.59),

u0 = γ
√
g00. (7.66)

Since γ can also be written in terms of the advective velocity u as γ2 = 1
1−u2 , hence

ξ2 =
ρg00
hcs

[

c2s − u2

1− u2

]

. (7.67)

Therefore the ergo-region for Gµν describing acoustic geometry in curved space-time is

also bounded by the hypersurface Σcs ≡ c2s − u2 = 0, as it was for acoustic geometry in

flat space-time. The normal to Σcs is given by n ∝ ∂µu
2. The 4-velocity of the fluid can

be decomposed into normal and tangential components w.r.t Σcs as

uµ = γ⊥u⊥n
µ + (gµν + nµnν)uν

= γ⊥u⊥n
µ + γ⊥L

µ, (7.68)

where

Lµ =
1

γ⊥
(gµν + nµnν)uν (7.69)

is the time-like unit vector representing a displacement in Σcs along the projection of uµ.

The norm of Lµ can be calculated as

||L||2 = GµνL
µLν ≡

[

1− (1− c2s)γ
2
⊥

]

= γ2⊥(c
2
s − u2⊥). (7.70)

It is evident that Lµ is a null vector on the acoustic horizon and represents the component

of flow velocity which is tangential to Σcs . Thus the integral curves of Lµ would generate

the acoustic horizon.

Now we construct the Killing vector χµ as

χµ = ξµ +Ωφµ, (7.71)

where ξµ is the time-translation Killing vector and φµ = δµφ (in an appropriately trans-

formed coordinate system) is the generator of isometry group of displacements on the

horizon. Ω is analogous to the horizon angular velocity of a Kerr black hole, and is chosen

such that χµ becomes parallel to Lµ and hence is null on the acoustic horizon. Thus in

the given co-ordinate system Lµ takes the form

Lµ = γ‖

(

1√
g00

− g0φuφ
g00

;uφ, 0, 0

)

. (7.72)

Since this Lµ has to be parallel to χµ on the horizon, we set

χµ =
√
χνχνL

µ, (7.73)

where
√
χνχν =

1

γ‖

(

1√
g00

− g0φuφ
g00

)−1

. (7.74)
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From eqn.(7.70) and eqn.(7.73),

||χ||2 = γ2⊥(c
2
s − u2⊥)χ

νχν . (7.75)

Now, the acoustic surface gravity may be calculated using (Wald [1984])

Gµν∂ν ||χ||2 = −2κχµ. (7.76)

Since χµ is null at the horizon, therefore ∂ν ||χ||2 at the horizon will be given by

∂ν ||χ||2rh = nν
∂

∂n
||χ||2. (7.77)

Therefore, from eqn.(7.76)

Gµνnν
∂

∂n
||χ||2 = 2κχµ (7.78)

where ∂/∂n = ∂µnµ. From eqn.(7.69) and eqn.(7.73), we obtain

Gµνnν = nµ − 1

u⊥γ⊥
uµ = − 1

u⊥

χµ

√
χνχν

. (7.79)

Substituting eqn.(7.75) and eqn.(7.79) in eqn.(7.78), the analogue or acoustic surface grav-

ity for relativistic fluid flow in curved space-time can be calculated as (Bilic [1999])

κ =

[√
χνχν

1− c2s

∂

∂n
|u⊥ − cs|

]

rs

. (7.80)

Note that surface gravity remains unaffected by the conformal factor in the acoustic metric,

and hence all conformal factors were dropped in the above calculations leading to an

expression for κ. The corresponding analogue Hawking temperature can be readily written

down as,

TAH =
~

2πkB

[√
χνχν

1− c2s

∂

∂n
|u⊥ − cs|

]

rs

. (7.81)

Now that we are equipped with the expressions for κ simply in terms of the physical metric

elements, the advective flow velocities, the sound speed and their spatial derivatives, we

proceed to apply this whole analogue formalism of relativistic flow in curved space-time

to the general relativistic model of axisymmetric, low angular momentum, inviscid accre-

tion onto a supermassive black hole at the galactic centre that has been so elaborately

discussed throughout this book. In the subsequent sections, we shall calculate the value

of the acoustic surface gravity at the acoustic horizons (transonic surfaces) of the accre-

tion discs and investigate its variation with various accretion parameters for various flow

configurations.

7.5 Variation of κ - polytropic accretion

We concentrate on the equatorial slice of a disc formed by general relativistic hydrody-

namic, low angular momentum, inviscid, axisymmetric accretion onto both non-rotating

and spinning supermassive astrophysical black holes. Owing to the transonic nature of

accretion (both mono-transonic and multi-transonic), the configuration leads to an in-

teresting acoustic geometry where multiple acoustic horizons may be formed. We shall

calculate the acoustic surface gravity for such horizon(s), which is the characteristic fea-

ture of the perturbative manifold, and study how the sonic point location and the acoustic

98



surface gravity depend on various accretion parameters which are the characteristic fea-

tures of the background fluid continuum for both polytropic and isothermal equations of

state and for three different disc geometries around a Schwarzschild black hole (Tarafdar

and Das [2015]). Similarly, we shall also study the dependence of the acoustic surface

gravity and the sonic point location on the spin angular momentum of a rotating astro-

physical black hole, with different flow geometries and equations of state (Tarafdar and

Das [2018a]).
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Figure 7.1: (a) rs − λ and (b) κ− λ plots (E = 1.12, γ = 4/3, a = 0) for monotransonic polytropic accretion. Blue

dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

In figure 7.1(a), for a fixed set of [E = 1.12, γ = 4/3, a = 0], we plot the location of the

inner-type acoustic horizon (the inner sonic point rs) as a function of the specific angular

momentum λ of the flow for mono-transonic stationary accretion solution for three differ-

ent disc geometries around a Schwarzschild black hole. It is observed that the location of

the acoustic horizon anti-correlates with λ. This is somewhat obvious because for greater

amount of rotational energy content of the flow, accretion starts with smaller advective

velocity and has to approach very close to the event horizon to acquire the dynamical

velocity sufficiently large to smoothly surpass the acoustic velocity.

For a specified initial boundary condition describing the flow, one observes

rCH
s > rCF

s > rV E
s . (7.82)

This indicates that for the same set of [E , λ, γ], the acoustic horizon for accretion discs

in hydrostatic equilibrium along the vertical direction, forms at the closest proximity of

the Schwarzschild black hole event horizon and hence the relativistic acoustic geometry at

the neighbourhood of such acoustic horizons are subjected to considerably curved space-

time. One thus intuitively concludes that among all three flow configurations considered

in this work, the Hawking-like effects may perhaps be more pronounced for axisymmetric

background flow in hydrostatic equilibrium along the vertical direction. This intuitive

conclusion is further supported by results presented in figure 7.1(b), where we have studied

the variation of the acoustic surface gravity κ as a function of the flow angular momentum

λ for the same set of initial boundary conditions and same range of λ for which figure

7.1(a) has been obtained. For identical values of [E , λ, γ, a], one obtains

κV E > κCF > κCH . (7.83)
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Figure 7.2: (a) rs − E and (b) κ− E plots (λ = 2.89, γ = 4/3, a = 0) for monotransonic polytropic accretion. Blue

dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

For a fixed value of [λ = 2.89, γ = 4/3, a = 0], the variation of the location of the inner

acoustic horizons (the inner sonic points rs) as a function of the specific flow energy E is

plotted in figure 7.2(a). rs anti-correlates with E for obvious reasons. At a large distance

away from the accretor, the total specific energy is essentially determined by the thermal

energy of the flow, a large value of E (‘hot’ accretion) corresponds to a high value of the

sound speed cs to begin with. The subsonic to supersonic transition takes place quite close

to the black hole where the bulk flow velocity (the advective velocity u) becomes large

enough to overtake the sound speed. Once again, flow in vertical hydrostatic equilibrium

produces the acoustic horizons located at a relatively stronger gravity region. The analogue

effect should be more pronounced for such geometric configuration of the flow. Results

presented in figure 7.2(b), where the acoustic surface gravity κ has been plotted as a

function of the specific energy of the flow for the same set of [λ, γ, a] used to draw figure

7.2(a), assert such conclusion.
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Figure 7.3: (a) rs − γ and (b) κ− γ plots (E = 1.12, λ = 3.3, a = 0) for monotransonic polytropic accretion. Blue

dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

For a fixed value of [E = 1.12, λ = 3.3, a = 0], in figure 7.3(a), we find that the location

of the acoustic horizon anti-correlates with γ and hence the acoustic surface gravity κ

co-relates with γ as expected (figure 7.3(b)). Similar results can be obtained for any set

of [E , λ, a] for which mono-transonic stationary accretion passing through the inner type

sonic point can be obtained for all three flow configurations considered in this work. Here

too the acoustic surface gravity for accretion discs in vertical hydrostatic equilibrium is
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maximum (compared to CF and CH discs). We thus obtain

rCH
s > rCF

s > rV E
s (7.84)

and,

κV E > κCF > κCH (7.85)

in this case as well.
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Figure 7.4: (a) rins − λ and (b) κin − λ plots (E = 1.00025, γ = 4/3, a = 0) for multi-transonic polytropic accretion.

Blue dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

Figure 7.4(a) and figure 7.4(b) depict the dependence of the inner sonic point rins
and its corresponding analogue surface gravity κin, respectively, on the specific angular

momentum of shocked multi-transonic accretion flow around a non-rotating black hole. It

was already observed from figure 5.2 in chapter 5, that no overlapping parameter region

of shocked multi-transonic stationary flow solutions for different discs could be obtained

for Schwarzschild background space-time geometry. The absence of overlapping λ for the

given values of E , γ and a is also reflected in figure 7.4. However, one can readily note that

rins anti-correlates with λ, and consequently κin correlates with λ. The usual comparative

trend given by,

rins (CH) > rins (CF ) > rins (V E) (7.86)

and

κin(V E) > κin(CF ) > κin(CH), (7.87)

is also consistently maintained.

Now, since we are dealing with shocked multi-transonic accretion, therefore the pres-

ence of the second acoustic horizon (the outer sonic point routs ) has to be considered as

well. Figure 7.5(a) and 7.5(b) portray the dependence of routs and κout, respectively, on λ

given [E = 1.00025, γ = 4/3, a = 0] for CH, CF and VE discs. The first observation is that

VE discs correspond to the lowest radial distances of outer sonic points and the highest

values of analogue surface gravity at the outer sonic horizons. The second observation

relates acoustic geometry to the physical space-time geometry. As we have seen in the

previous sections, the effect of gµν gets manifested in the components of Gµν and in the

consequent expression for acoustic surface gravity, in case of transonic relativistic fluid flow

in the background of curved space-time. This effect clearly reflects in the figures 7.5(a)

and 7.5(b), where values of κ corresponding to the outer sonic points – which are far away

from the event horizon and hence in a nearby region of effectively flat space-time – are
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Figure 7.5: (a) routs −λ and (b) κout−λ plots (E = 1.00025, γ = 4/3, a = 0) for multi-transonic polytropic accretion.

Blue dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

extremely low as compared to those on the inner sonic points in regions with significantly

high space-time curvatures.

The results previously presented in this section corresponded to the variation of acoustic

surface gravity with various accretion parameters for different polytropic accretion disc

geometries around a non-rotating black hole. Next, we would like to investigate the vari-

ation of the location of the sonic points and the respective κ with the black hole spin for

relativistic, transonic, polytropic flows in Kerr space-time.
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Figure 7.6: (a) rins −a and (b) κin−a plots (E = 1.00025, λ = 3.0, γ = 4/3) for multi-transonic polytropic accretion.

Blue dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

In figure 7.6(a) and 7.6(b), we plot the variation of locations of the inner acoustic

horizon rins and its corresponding κ, respectively, with a for three different flow geometries.

It is observed that

rins (CH) > rins (CF ) > rins (V E) (7.88)

and

κin(V E) > κin(CF ) > κin(CH), (7.89)

as it was observed regarding the variation of κ and rs with other parameters for accretion

around a non-rotating black hole. It is also observed that rins and κ anti-correlate and

correlate respectively with a, thus once again solidifying the foundations of our arguments

regarding the correlation of flow angular momentum λ and the black hole spin a in the
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creation of an effective centrifugal potential barrier encountered by the flow. In figure

7.6(b), we observe the variation of κ with a. As explained prebiously, first of all, it is first

necessary to locate the shock forming region in the parameter space which is common to

the three different disc geometries. Since, only a small portion of the parameter space is

obtained through such procedure, hence the κ − a relationship is obtained for a limited

range of black hole spin, and for all the disc structures, the span of a may not be exactly

the same.
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Figure 7.7: (a) routs − a and (b) κout − a plots (E = 1.00025, λ = 3.0, γ = 4/3) for multi-transonic polytropic

accretion. Blue dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

In figure 7.7(a), one notes that although the relative trend

rs(CH) > rs(CF ) > rs(V E) (7.90)

remains same for the routs − a plot, but the influence of the Kerr parameter in changing

the values of the sonic point locations is more prominent for the inner horizons. This is

somewhat obvious, since the outer sonic points form at a reasonably large distance from

the black hole where the space-time is essentially Newtonian andthe black hole spin does

not influence the flow properties significantly. From the comparision of figure 7.7(b) with

figure 7.6(b), we find that the numerical value of κin is always significantly large compared

to the corresponding value of κout for the same set of values of [E , λ, γ, a]. It is once again

observed that the variation of κ with black hole spin gets significantly influenced by the

geometric configuration of the flow as

κout(V E) > κout(CF ) > κout(CH) (7.91)

for the same value of black hole spin.

However, as of now, by plotting the κ − a diagrams for shocked multi-transonic accre-

tion, we have not been able to cover a reasonably large span of the Kerr parameter. We

would like to observe how κ varies over the entire astrophysically relevant range of a from

−1 to +1. In order to obtain such a plot, we shift our attention from multi-transonic to

monotransonic accretion. In case of monotransonic flow, the three different disc struc-

tures overlap almost over the entire range of a. This task is absolutely essential for us

to perform, in order to comment on the global variation of any quantity of our interest

(in this case, κ) with black hole spin. It is also interesting to note that such variation

covers both prograde and retrograde flows, and thus any asymmetry in the behavior of the

plot on positive and negative sides of the a-axis shall point towards a possible instrument
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to distinguish between the two different kinds of fluid flow around the rotating central

massive compact objects.
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Figure 7.8: κ− a plot (E = 1.2, λ = 2.0, γ = 4/3) for monotransonic polytropic accretion. Blue dashed curve, green

dotted curve and red solid curve represent CH, CF and VE flows respectively.

In figure 7.8, the variation of κ with a has been shown for all three flow geometries

considering monotransonic accretion. The figure has been obtained for a given set of

values for [E , λ, γ] corresponding to the stationary monotransonic accretion solutions. It is

observed that the CH disc flow does not have any maxima or point of inflection, whereas

the other two flow geometries manifest such peaks. This, however, does not necessarily

indicate that the CH disc flow does not exhibit maxima in general. This artifact is solely

attributed to the choice of [E , λ, γ] particularly for the given figure. As a matter of fact,

κ for all three flow geometries possesses an extrema in its dependence on black hole spin.

However, this figure clearly indicates that there is a shift in the position of the peaks with

variation of the other flow parameters. The figure also depicts a prominent asymmetry in

the distribution of κ over a for prograde and retrograde flows.

7.6 Variation of κ - isothermal accretion

In this section – along a similar line – we investigate the variation of κ with various

flow parameters and different disc geometries, for an isothermal fluid accreting onto both

non-rotating and rotating black holes.

In figure 7.9(a), we plot the variation of the location of the acoustic horizon (the inner

sonic point rs) with the constant specific angular momentum of the flow λ. The value

of flow temperature T has been fixed at a high value of 2 × 1011 K, in order to ensure

monotransonic accretion for all three flow geometries. For the same reasons as stated in the

previous section, rs anti-correlates with λ. For accretion discs in hydrostatic equilibrium

along the vertical direction, the entire range of sonic points produced (for the given domain

of λ) lie in the close proximity of the event horizon. This indicates that for a given set

of the accretion parameters describing the flow, analogue Hawking effects will be most

pronounced for such a flow model. The conclusion is further reinforced by the results

presented in figure 7.9(b) where the acoustic surface gravity κ has been plotted against

the flow angular momentum λ to obtain

κ(V E) > κ(CF ) > κ(CH). (7.92)
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Figure 7.9: (a) rs − λ and (b) κ − λ plots (T = 2 × 1011K,a = 0) for monotransonic isothermal accretion. Blue

dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.
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Figure 7.10: (a) rs −T and (b) κ−T plots (λ = 3.3, a = 0) for monotransonic isothermal accretion. T is in units of

1010 Kelvin. Blue dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

Figure 7.10(a) represents the variation of the location of the acoustic horizon (rs) with

constant flow temperatures T in units of 1010 K. Since the position independent sound

speed cs ∝ T
1
2 , the sonic point rs anti-correlates with the flow temperature T . In figure

7.10(b), we plot the variation of the acoustic surface gravity κ against T in units of 1010

K. We observe that ‘hotter’ flows generate larger values of the analogue surface gravity at

the acoustic horizon .
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Figure 7.11: (a) rins − λ and (b) κin − λ plots (T = 1010K,a = 0) for multi-transonic isothermal accretion. Blue

dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.
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Figure 7.11(a) and figure 7.11(b) we depict the dependence of the inner sonic point rins
and its corresponding analogue surface gravity κin, respectively, on the specific angular

momentum of shocked multi-transonic isothermal accretion flow around a non-rotating

black hole. As, it was already seen from figure 5.8 in chapter 5, a significantly overlapping

parameter region of shocked multi-transonic stationary flow solutions for different discs

is available for Schwarzschild background space-time geometry. The considerable range

of overlapping λ for the given value of T = 1010 K is also reflected in figure 7.11. It

is once again evident that rins anti-correlates with λ for the isothermal case as well, and

consequently κin correlates with λ. The usual comparative trends given by,

rins (CH) > rins (CF ) > rins (V E) (7.93)

and

κin(V E) > κin(CF ) > κin(CH), (7.94)

are also observed.
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Figure 7.12: (a) routs − λ and (b) κout − λ plots (T = 1010K,a = 0) for multi-transonic isothermal accretion. Blue

dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

Figure 7.12(a) and 7.12(b) depict the dependence of routs and κout, respectively, on λ

given
[

T = 1010K,a = 0
]

for CH, CF and VE discs. It is observed that VE discs corre-

spond to the closest radial distances of the outer sonic points and the highest magnitudes

of κ at the outer acoustic horizons. The coupling of Gµν and gµν is also clearly reflected

in figure 7.12, where values of κ corresponding to the outer sonic points – considerably far

from the event horizon in a locality of effectively flat space-time – are extremely low com-

pared to the magnitudes of κ at the inner sonic points with significantly higher space-time

curvatures.

The remaining content of this section deals with the investigation of variation of the

location of the sonic points and the respective κ with the black hole spin for relativistic,

transonic, isothermal flows in Kerr space-time.

In figure 7.13(a) and 7.13(b), we plot the variation of locations of the inner sonic

points rins and its corresponding κ, respectively, with a for three different flow geometries.

In accordance with the results for polytropic accretion, it is observed that

rins (CH) > rins (CF ) > rins (V E) (7.95)

and

κin(V E) > κin(CF ) > κin(CH), (7.96)
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dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

as was the case for variation of κ and rs with other isothermal flow parameters for accretion

around a non-rotating black hole. It is also observed that rins anti-correlates with a.

However, in figure 7.13(b) where we observe the variation of κin with a, the individual

trend of variation for the VE disc is found to be contrary to those of the other two

disc models. In this context, we must remember that multi-transonic shocked accretion

solutions offer a very narrow window of spin in which all the disc geometries overlap.

Hence, behavior of a physical quantity in the given small range of a may not be quite a

reliable representation of the bigger picture. Thus, in order to resolve this discrepancy,

we need to look at the global variation of acoustic surface gravity over the entire span of

Kerr parameter.
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Figure 7.14: (a) routs − a and (b) κout − a plots (T = 1010 K, λ = 3.0) for multi-transonic isothermal accretion.

Blue dashed curve, green dotted curve and red solid curve represent CH, CF and VE flows respectively.

In figure 7.14(a), we observe that although the relative trend

rs(CH) > rs(CF ) > rs(V E) (7.97)

remains same for the routs − a plot, but the effect of the black hole spin on the values

of sonic point locations is, once again, more prominent for the inner acoustic horizons.

Comparision of figure 7.14(b) with figure 7.14(b) reveals the fact that the value of κin is

always several orders of magnitude larger than the corresponding κout for the same set of
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values of [T, λ, a]. It is also observed that

κout(V E) > κout(CF ) > κout(CH) (7.98)

for a given value of black hole spin.

As discussed in the previous section and also in this section regarding the discrepancy

of variation of κin with a for VE discs, the only way to have a glimpse of the global de-

pendence of a variable on flow parameters is to study the corresponding dependence for

stationary monotransonic isothermal accretion solutions.
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Figure 7.15: κ − a plot (T = 1012 K, λ = 2.0) for monotransonic isothermal accretion. Blue dashed curve, green

dotted curve and red solid curve represent CH, CF and VE flows respectively.

Figure 7.15 depicts the global variational trend of κ over the entire range of black hole

spin for monotransonic isothermal accretion. It is observed that the trend of the depen-

dence of κ on the disc geometry remains the same as for polytropic accretion. The figure

once again depicts a stark asymmetry in the distribution of κ over a for prograde and

retrograde isothermal flows.

The principle motivation behind the investigation carried out in the present chapter has

been our intention to study whether the emergence of gravity- like effects occurs in strongly

gravitating physical systems. Conventional analogue models (Robertson [2012]) do not

comprise of an actual horizon, which is necessary to conceive real physical Hawking ef-

fects. Such analogue configurations can offer no possibility for comparative studies of the

corresponding analogue phenomena with actual Hawking effects within the same system.

Therefore, we focus our work on an accreting astrophysical black hole, which seems to be

the only possible system for investigating the influence of the physical black hole spacetime

in constructing the analogue spacetime (Pu et al. [2012]). We demonstrate that the spin

angular momentum (the Kerr parameter a), which is an explicit property of the black

hole metric, influences the geometry and several other important features of the acous-

tic metric. It is expected that our findings will help in understanding the influences of

gravitational field on the appearance of emergent gravity phenomena.
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